On the Moduli space of diffeomorphic algebraic surfaces by Manetti, Marco
ar
X
iv
:m
at
h/
98
02
08
8v
1 
 [m
ath
.A
G]
  1
8 F
eb
 19
98
On the moduli space of diffeomorphic algebraic surfaces
Marco Manetti
Scuola Normale Superiore, Pisa, Italy
Abstract. In this paper we show that the number of deformation types of complex structures on a fixed
smooth oriented four-manifold can be arbitrarily large. The examples that we consider in this paper
are locally simple abelian covers of rational surfaces. The proof involves the algebraic description of
rational blow down, classical Brill-Noether theory and deformation theory of normal flat abelian covers.
0. Introduction
One of the main problems concerning the differential topology of algebraic surfaces leaving
unsolved by the “Seiberg-Witten revolution” was to determine whether the differential type of
a compact complex surface determines the deformation type. Two compact complex manifolds
have the same deformation type if they are fibres of a proper smooth family over a connected
base space (cf. [FrMo1]). Varieties of the same deformation type are also called deformation
equivalent.
Here we restrict our attention to minimal surfaces of general type; in this case it is very useful
to interpret the above question in terms of the moduli space of surfaces of general type M .
The space M is a disjoint countable union of quasiprojective varieties [Gi], the points of M
correspond to the isomorphism classes of minimal surfaces of general type and two surfaces
belong to the same connected component if and only if they are deformation equivalent (cf.
[Gi], [Ma4], [Ca2]).
The main result of this paper is the following
Theorem A. Let X be a smooth oriented compact four-manifold and let MX be the moduli
space of minimal surfaces of general type orientedly diffeomorphic to X .
Then for every k > 0 there exists X as above with first Betti number b1(X) = 0 such that
MX has at least k connected components.
By the above remark this result gives a strong negative answer to the def=diff? problem
([Ca5,§7], [FrMo1, Speculation of §3], [Ty], [Do]). Note that for compact complex surfaces with
b1 = 0 and Kodaira dimension < 2 the differential type determines the deformation type [Fri].
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We recall that for an algebraic surface, K2 and χ are topological invariants; by Gieseker
theorem MX is a quasiprojective variety and then it has a finite number of components.
Analogs of theorem A for the moduli space of homeomorphic complex surfaces already exist in
[Ca4], [Ma2], [Ma3] and rely over the very simple algebro-geometric criterion for homeomor-
phism given by Freedman’s theorem ([Fre, 1.5], [Ca1, 4.4], [Ma4, V.4]).
In view of some recent complexity results (especially [Ma3], [Ch]) and of the algebraic depen-
dence of Donaldson and Seiberg-Witten invariants, theorem A is not completely surprising.
The starting idea of this paper is the more subtle end effective evidence to theorem A given
by the existence of Kolla´r - Shepherd-Barron - Alexeev compactification of the moduli space
of surfaces of general type ([KS], [Vie], [Ale]). For given positive integers a, b let Ma,b be
the moduli space of minimal surfaces of general type S with numerical invariants K2S = a ,
χ(OS) = b ; it is then possible to embed Ma,b into a complete variety Msma,b which is a coarse
moduli space for smoothable stable surfaces of general type [Vie, 8.39], [Ale], with numerical
invariants K2 = a , χ = b .
As noted in [KS, 5.12] it may happen that nonhomeomorphic smooth surfaces belong to the
same connected component of Msm =
∐
Msma,b ; the substantial reason of this “pathology” is
the existence of certain normal semilogcanonical surface singularities, each one of which admits
at least two Q-Gorenstein smoothings with nonhomemorphic Milnor fibres.
One can avoid this phenomenon by considering the moduli space MT ⊂ Msm of surfaces
with at most quotient singularities. The smoothability condition implies that only some special
quotient singularities, called of class T (Definition 1.1), can appear in the surfaces represented
by points of MT .
By a well known result [EV] MT is open in Msm and it is possible to prove that smooth
minimal surfaces belonging to the same connected component of MT are diffeomorphic. Be-
cause of the extreme wilderness of the moduli space of surfaces of general type it is natural to
suspect that the natural map π0(M)→ π0(MT ) is not injective.
In practice one observe that the compactified moduli space Msm is a quite complicated object
whose existence is not necessary to the proof of theorem A; for this reason throughout the
rest of the paper we consider the simpler notion of deformation T -equivalence (Definition 1.4)
instead of MT . Roughly speaking two smooth surfaces are deformation T -equivalent if they
are fibres of a proper flat map f :S → Y such that Y is connected, S is Q-Gorenstein and the
fibres of f are normal surfaces with at most quotient singularities.
The main result of section 1 (Theorem 1.5) says that deformation T-equivalence implies smooth
equivalence. The proof of this fact follows essentially from the existence of certain well-defined
surgery operations on the category of smooth four-manifolds called “rational blow-downs” and
already considered in [FS].
The simplest singularity X0 of class T which is not a rational double point is the cone over the
projectively normal rational curve of degree 4 in P4 ; this singularity can be easily described as
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a bidouble cover X0 → C2 with branching divisors three generic lines passing through 0 ∈ C2 .
Moreover every Q-Gorenstein deformation of X0 preserves the (Z/2)
2 -action and it is obtained
by deforming the branching divisors (cf. 3.18).
This simple remark, together with our previous experience about abelian covers, motivates the
use of (Z/2)r -covers in the construction of nontrivial examples of deformation T-equivalent
surfaces. A short but fundamental role in this paper is covered by classical Brill-Noether
theory. In fact the (not yet completely developed) machinery of abelian covers allows to produce
components of the moduli space of surfaces by starting from components of parameter spaces
of branching divisors. The Brill-Noether theory gives examples of disconnected spaces M0k,n
(see §2) of branching divisors of the same topological type.
The detailed construction of our examples is too complicated to be explained in this introduc-
tion; however we can give here a coarse idea of their structure. Given a polarization H over
Q = P1 × P1 , a zerodimensional subscheme ( Cluster ) ξ ⊂ Q with ideal sheaf Iξ is called
special if Iξ(H) is generated by global sections; we first take the blow up S → Q along a re-
duced special subscheme ξ of finite length n < H2 , then we consider a suitable abelian covers
with group (Z/2)r of S ; in the construction of the cover we must take as branching divisors
Dσ ⊂ S the exceptional curves of S → Q , the strict transform of some sections of Iξ(H) and
some other very ample divisors. For an appropriate choice of H,n and Dσ we get the desired
examples.
Most part of the complexity of this construction is introduced for technical reasons (because
the ramification of an abelian cover can be viewed as an obstruction to deformations and
degenerations). Together with the working construction we also give (Example 3.20) some very
simple examples of pairs of diffeomorphic surfaces that, at least in some case, we conjecture of
different deformation type.
The paper consists of 5 sections. The first four are devoted to some preparatory material, most
of which we consider of independent interest and susceptible of future applications (cf. example
3.15). Section 5 is completely devoted to the construction of explicit examples of arbitrarily
large sets of deformation T-equivalent surfaces belonging to different connected components of
the moduli space M .
Notation. All the varieties and schemes that we consider in this paper are defined over the field
C . For every variety X we denote by Ω1X , θX = Hom(Ω
1
X ,OX) the cotangent and tangent
sheaves respectively.
A cluster on a variety X is a zero-dimensional subscheme ξ ⊂ X , given a cluster ξ we denote
by Iξ ⊂ OX its ideal sheaf a for a coherent sheaf F we sometimes write F − ξ = Iξ ⊗F . We
shall say that a cluster ξ is F -special if F − ξ is generated by global sections.
In the paper we shall use freely the following results of commutative algebra (cf. [Mat, §23]).
A) Let G be a finite group acting on a local noetherian C-algebra A and let AG ⊂ A be
the invariant subalgebra. If A is normal (resp. Cohen-Macaulay) then AG is normal (resp.
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Cohen-Macaulay).
B) Let (A,m) → (B, n) be a flat morphism of local noetherian rings. Then B is Cohen-
Macaulay (resp. Gorenstein) if and only if A and B/mB are both Cohen-Macaulay (resp.:
Gorenstein). If A and B/mB are reduced (resp.: normal) then B is reduced (resp.: normal).
1. Deformation T -equivalence of algebraic surfaces.
In this section we introduce the notion of deformation T -equivalence of algebraic surfaces. It
will be clear from the definition that deformation equivalence implies deformation T -equivalence,
while the main result of this section will be the proof that deformation T -equivalence implies
smooth equivalence.
Definition 1.1.([KS, 3.7]) A normal surface singularity is of class T if it is a quotient singularity
and admits a one-parameter Q-Gorenstein smoothing.
We recall that a normal complex space is Q-Gorenstein if it is Cohen-Macaulay and a multiple
of the canonical divisor is Cartier.
A one-parameter Q-Gorenstein smoothing of a normal singularity (X0, 0) is a deformation
(X, 0) → (C, 0) of (X0, 0) such that there exists a Stein representative (as in [Lo,2.8]) X →
∆ ⊂ C which is Q-Gorenstein and Xt is smooth for every t 6= 0.
The singularities of class T and their smoothings are well understood (cf. e.g. [KS], [LW],
[Wa2], [Ma7]). Before recalling the classification we recall a standard notation concerning
cyclic singularities.
If p > 0, a, b are integers without common irreducible factors we shall call cyclic singularity of
type
1
p
(a, b) the quotient singularity C2/µp , where the group µp = {ξ ∈ C| ξp = 1} acts on C2
by the diagonal action ξ(u, v) = (ξau, ξbv). It is well known (see e.g. [BPV, III.5]) that every
cyclic quotient singularity is isomorphic to a singularity of type
1
p
(1, q) with p, q relatively
prime.
Proposition 1.2. The singularities of class T are the following:
i) Smooth points.
ii) Rational double points.
iii) Cyclic singularities of type
1
dn2
(1, dna− 1) for a, d, n > 0 and a, n relatively prime.
Proof. This is a well known result, for a proof see e.g. [KS, 3.11], [Ma7].
⊓⊔
Definition 1.3. A surface of class T is a normal algebraic surfaces with at most singularities
of class T .
Definition 1.4. The deformation T -equivalence is the equivalence relation in the set of iso-
morphism classes of surfaces of class T generated by the following relation ∼ :
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Given two surfaces of class T , S1, S2 we set S1 ∼ S2 if they are fibres of a proper flat analytic
family f :S → C such that C is a smooth irreducible curve, every fibre of f is of class T and
S is Q-Gorenstein.
It is useful to point out that the property of being Q-Gorenstein for a one-parameter normal flat
family is stable under base change and then, in the notation of 1.4, if B → C is a nonconstant
morphism of smooth curves then S ×C B is still Q-Gorenstein.
Theorem 1.5. If two smooth surfaces S1, S2 are deformation T -equivalent then there exists
an orientation preserving diffeomorphism S1 ≃ S2 .
Before proving 1.5 we need to recall some results about diffeomorphism of lens spaces and
classification of Q-Gorenstein deformations of quotient singularities of class T .
For every oriented smooth manifold (possibly with boundary) X we consider the following
groups:
1) Diff(X) the group of diffeomorphism X → X .
2) Diff+(X) ⊂ Diff(X) the subgroup of orientation preserving diffeomorphism.
3) Diff+0 (X) ⊂ Diff
+(X) the subgroup of orientation preserving diffeomorphism which are
isotopic to the identity.
Let p, q be relatively prime positive integers and let S3 = {(x1, x2) ∈ C2| |x1|2 + |x2|2 = 1} be
the three-dimensional sphere. The lens space L(p, q) is by definition the quotient S3/µp , where
the action is given by ξ(x1, x2) = (ξx1, ξ
qx2). The action is free and orientation preserving;
therefore L(p, q) has a natural structure of oriented 3-manifold.
Let τ :C2 → C2 be the complex conjugation τ(x1, x2) = (x1 , x2 ), we have τξ = ξ
−1τ for every
ξ ∈ µp and therefore τ factors to an orientation preserving diffeomorphism τ ∈ Diff+(L(p, q)).
Let σ:C2 → C2 be the involution defined by σ(x1, x2) = (x2, x1). If q2 ≡ 1 mod(p) then
σξ = ξqσ and therefore σ induces a diffeomorphism of σ ∈ Diff+(L(p, q)). It is notationally
convenient to define σ ∈ Diff+(L(p, q)) as the identity if q2 6≡ 1 mod(p).
There are other “trivial” diffeomorphisms of lens spaces; these are given by choosing a pair
(α, β) ∈ S1×S1 and passing to the quotient the diffeomorphism ̺(α,β)(x1, x2) = (αx1, βx2). It
is immediate to observe that every diffeomorphism ̺(α,β) is isotopic to the identity. A simple
computation also shows that if q ≡ 1 mod(p) (resp.: q ≡ −1 mod(p)) then σ (resp.: στ ) is
conjugated to ̺(1,−1) and then it is isotopic to the identity.
The result we need is
Proposition 1.6.(Bonahon) The group
Diff+(L(p, q))
Diff+0 (L(p, q))
is generated by τ and σ .
Proof. This is exactly Proposition 2 in [Bon]. Actually a little calculation, left as exercise, is
needed because Bonahon consider the lens space as a union of two solid tori V1, V2 ≃ S1 ×D2
and define the diffeomorphisms σ, τ in terms of toroidal coordinates on V1, V2 .
⊓⊔
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Note that if p = dn2 , q = dna− 1 with (a, n) = 1 then q2 ≡ 1 mod(p) if and only if a = 1,
n ≤ 2.
For reader convenience we recall the notion of link of an isolated singularity and of Milnor fibre
of a smoothing. For more details and proofs we refer to [Mi], [Lo] and [Wa1]. For simplicity of
exposition we consider here only the case of normal surface singularities.
Let (X0, 0) be a normal surface singularity (hence isolated, irreducible and Cohen-Macaulay)
and let i0: (X0, 0) → (CN , 0) be a closed embedding. A basic result [Mi, 2.9] asserts that
there exists a positive real number r such that for every 0 < r′ ≤ r the sphere Sr′ = {z ∈
CN | ‖z‖ = r′} intersects transversally X0 . We shall call the oriented smooth compact 3-
manifold L(X0) = X0 ∩ Sr′ , 0 < r
′ << 1, the link of (X0, 0). It is not difficult to prove
that different choices of the embedding i0 and of r
′ give isotopic links inside X0 − {0} . More
precisely it is proved in [Lo] that for every pair d1, d2:X0 → [0,+∞[ of real analytic functions
such that d−11 (0) = d
−1
2 (0) = {0} there exists ǫ > 0 such that for every r1 ≤ ǫ , r2 ≤ ǫ the loci
d−11 (r1) and d
−1
2 (r2) are isotopic smooth subvarieties of X0 − {0} .
Note that L(p, q) is the link of the cyclic singularity X0 of type
1
p
(1, q); in fact it is sufficient
to take as real analytic function d:X0 → [0,+∞[ the usual norm of C2 which is clearly µp
invariant.
Assume now that f : (X, 0)→ (C, 0) is a one-parameter smoothing of (X0, 0) and let i: (X, 0)→
(CN ×C, 0) be a closed embeddings extending i0 such that f is the composition of i with the
projection on the second factor. Let r > 0 as above, for every 0 < r′ ≤ r there exists a δ > 0
such that Xt = f
−1(t) intersects transversally Sr′ for every t ∈ C , |t| ≤ δ .
If 0 < |t| << 1 the smooth oriented manifold with boundary F = Xt ∩ {z ∈ CN |‖z‖ ≤ r′} is
called theMilnor fibre of the smoothing. Again its diffeomorphism class is independent from the
choice of i, r′ an t and by Ehresmann fibration theorem ∂F = L(X0). If (X0, 0) is a complete
intersection then the diffeomorphism type of F is also independent from the smoothing [Lo],
in general F is not uniquely determined by (X0, 0).
By Lefschetz duality we have H2(F,Z) = H2(F, ∂F,Z) and the natural map H2(F,Z) →
H2(F, ∂F,Z) gives the intersection product q:H2(F,Z) ×H2(F,Z)→ Z .
It is also trivial to see that the Milnor fibre is invariant under base change and if the smoothing
admits simultaneous resolution [Tya] then F is isomorphic to a neighbourhood of the excep-
tional curve of the minimal resolution of X0 .
Proposition 1.7. The Milnor fibre F of a Q-Gorenstein smoothing of a cyclic singularity
of class T is unique up to orientation preserving diffeomorphism. Moreover the restriction
homomorphism Diff+(F )→ Diff+(∂F ) is surjective.
Proof. As ∂F is collared in F the restriction map Diff+0 (F )→ Diff
+
0 (∂F ) is surjective. As
∂F is a lens space, according to 1.6 it is sufficient to prove that σ, τ lift to Diff+(F ).
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Let d, n, a be fixed positive integers with (a, n) = 1 and let X0 be the cyclic quotient singularity
of type
1
dn2
(1, dna−1). If ξ ∈ µdn2 then ξ acts on C
2 by a linear transformation of determinant
ξdna and then the subgroup µdn ⊂ µdn2 acts on C
2 by linear transformations preserving the
holomorphic form dx1 ∧dx2 . In particular X0 can be described as Y0/µn , where Y0 = C2/µdn
is the rational double point of type Adn−1 (i.e. the cyclic singularity of type
1
dn
(1,−1)).
Setting u = xdn1 , v = x
dn
2 and y = x1x2 we can describe Y0 as the hypersurface singularity of
C3 defined by the equation uv − ydn = 0; in this coordinates µn acts by
µn ∋ ξ: (u, v, y)→ (ξu, ξ
−1v, ξay)
Moreover the diffeomorphisms τ, σ of L(Y0) are induced by τ, σ ∈ Diff(C
3)
τ(u, v, y) = (u , v , y ), σ(u, v, y) = (v, u, y).
It is known [KS, 3.17], that every Q-Gorenstein one-parameter deformation of (X0, 0) is isomor-
phic to the pull-back, via a suitable holomorphic germ map (C, 0)→ (Cd, 0), of the deformation
π:Y/µn → Cd , where t0, ..., td−1 are coordinates over Cd , Y ⊂ C3 ×Cd is the hypersurface of
equation uv − ydn =
∑d−1
k=0 tky
kn and µn acts as
µn ∋ ξ: (u, v, y, t0, ..., td−1)→ (ξu, ξ
−1v, ξay, t0, ..., td−1).
Since Cd is locally irreducible, the basic theory of the discriminant tell us that all the Milnor
fibres of Q-Gorenstein smoothings of X0 are orientedly diffeomorphic. It is therefore sufficient
to prove that σ, τ extends to diffeomorphism of Yt/µn for some t ∈ C
d ; this is immediate to
check if t = (t0, 0, .., 0) for t0 a real number 0 < t0 << 1.
⊓⊔
Example 1.8. A simple calculation which we omit shows that the Milnor fibre of a Q-
Gorenstein smoothing of the cyclic singularity of type
1
4
(1, 1) is the complement in P2 of a
tubular neighbourhood of the conic of equation uv − y2 = 0. The diffeomorphism τ, σ are
induced by the diffeomorphism of P2
τ(u, v, y) = (u , v , y ), σ(u, v, y) = (v, u, y).
Proof of 1.5. We prove 1.5 by associating to every surface S of class T an oriented smooth
4-manifold Sˆ which is equal to S when S has no singular points; next we will prove that if
S1 ∼ S2 , where ∼ is the relation introduced in 1.4, then Sˆ1 is diffeomorphic to Sˆ2 .
As a first step we define for every surface of class T , Sˆ = Sˆ′ where S′ → S is the minimal
resolution of all rational double points of S .
Let S be a surface with at most cyclic singularities of class T at points p1, ..., pn . Choose
closed embeddings φi: (S, pi) → (CNi , 0), r > 0 a sufficiently small real number and denote
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Vi = φ
−1
i ({z| ‖z‖ < r}). If Fi is the Milnor fibre of a Q-Gorenstein smoothing of (S, pi) we
define
Sˆ = (S − ∪iVi) ∪ (∪iFi)
where the pasting is made by choosing for every i an orientation preserving diffeomorphism
∂Vi → ∂Fi . By proposition 1.7 Sˆ is a well defined smooth oriented four manifold.
By a simple topological argument it is sufficient to prove that if f :S → ∆ = {t ∈ C| |t| < 1} is
a Q-Gorenstein deformation of a surface S0 of class T then Sˆ0 = Sˆt for |t| << 1.
By using the simultaneous resolution of rational double points we can assume without loss of
generality that S0 has at most cyclic singularities at points p1, ..., pn .
Step 1). Assume first that St is smooth for t 6= 0, φi: (S, pi)→ (CNi×∆, 0) closed embeddings;
then for r > 0 sufficiently small, Vi = S0∩φ
−1
i (Br), Fi = St∩φ
−1
i (Br), t 6= 0. By integration of
vector fields it is easy to construct, for 0 < |t| << 1, a diffeomorphism (S0−∪iVi)→ (St−∪iFi)
sending ∂Vi into ∂Fi and then by proposition 1.7
Sˆ0 = (S0 − ∪iVi) ∪ (∪iFi) = (St − ∪iFi) ∪ (∪iFi) = St.
Step 2). Assume now St possibly singular and let p ∈ S0 be a singular point; by using the
classification theorem of Q-Gorenstein deformations of singularities of class T (see the proof
of 1.7) it is immediate to find a Q-Gorenstein deformation f˜ : (S˜, p)→ (∆t ×∆s, 0) such that
f is the pull-back of f˜ via the inclusion ∆t × {0} ⊂ ∆t ×∆s and St,s is smooth for s 6= 0.
Therefore S˜ gives a local simultaneous Q-Gorenstein smoothing of the fibres of f . Step 1) and
a simple pasting argument concludes the proof.
⊓⊔
Remark. Our first proof of 1.5 didn’t make use of proposition 1.7 but used a more careful
study of the Kuranishi families of singularities of class T ; however this approach (i.e. assuming
Bonahon’s theorem) is considerably simpler and more elegant.
If V → S is the minimal resolution of a surface of class T then, in the terminology of [FS], Sˆ
is obtained by rationally blowing down V .
2. Special clusters on P1 × P1 and related spaces.
Let Q = P1 × P1 be the quadric and let H = OQ(a, b) be a fixed polarization over Q with
a, b ≥ 3; we have H2 = 2ab .
For every pair of integers k ≥ 0, 0 ≤ n ≤ 2ab , let Ma,bk,n be the subset of |H |
k ×Qn consisting
of the elements (C1, ..., Ck, p1, ..., pn) such that:
i) the curves Ci ’s are smooth.
ii) For every i 6= j Ci intersect transversally Cj .
iii) pi ∈ Cj for every i, j , i.e. the points pi are contained in the base locus of the linear system
generated by C1, ..., Ck .
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iv) pi 6= pj if i 6= j .
For simplicity of notation we shall write Mk,n instead of M
a,b
k,n whenever there is non ambiguity
about the polarization.
The set Mk,n carries a natural structure of locally closed subscheme of |H |k ×Qn .
For l ≤ k , m ≤ k we shall call natural projection Mk,n →Ml,m the map
(C1, ..., Ck, p1, ..., pn)→ (C1, ..., Cl, p1, ..., pm);
it is clearly a regular morphism of schemes.
If Aut0(Q) = PGL(2) × PGL(2) denotes the group of biregular automorphisms of Q acting
trivially over Pic(Q) then there exists a natural regular action of Aut0(Q) × Σk × Σn over
Mk,n , where Σi is the symmetric group of permutations of i elements.
Lemma 2.1. The scheme Mk,n is connected, if k ≤ 2 it is also smooth irreducible.
Proof. If k ≤ 1 or n = 0 the lemma is trivially true. By the implicit function theorem the
natural projection M2,n → M2,0 is an unramified covering, it is therefore sufficient to prove
that there exists a fibre contained in a path-connected subset of M2,n .
Let C ∈ |H | be a fixed smooth curve, as |H | cuts over C a very ample linear system, by
the general position theorem (see below) the fibre over C of the projection M2,n → M1,0 is
connected.
If k ≥ 3 let V ⊂ Mk,n be the subset of elements (C1, ..., Ck, p1, ..., pn) such that every curve
Ci belong to the pencil generated by C1, C2 . The natural projection V → M2,n is a smooth
map with irreducible fibres, in particular V is also smooth irreducible. The conclusion follows
from the fact that it is always possible to join by a path every point of Mk,n with a point of
V .
⊓⊔
In the above proof we have used the following version of the general position theorem; for a
proof we refer to [ACGH] p. 112.
General position theorem. Let C ⊂ Pr be a smooth curve of degree d . Then
I = {(p1, ..., pd, H) ∈ C
d × (Pr)∨| pi 6= pj, {p1, ..., pd} = H ∩ C}
is smooth irreducible of dimension r ; hence for every s ≤ d the image of the projection of
I → Cs , (p1, ..., pd, H)→ (p1, ..., ps) is irreducible too.
Let M0k,n ⊂ Mk,n be the (possibly empty) open subset of elements (C1, ..., Ck, p1, ..., pn) such
that the base locus of the linear system generated by C1, .., Ck is exactly {p1, ..., pn} .
Consider now a positive integer 0 < c <
1
2
a and let L = OQ(a− c, b), F = OQ(c, 0) = H − L .
Let n = H ·L = b(2a− c) and consider for every k ≥ 1
Mk,L = {(C1, ..., Ck, p1, ..., pn) ∈Mk,n| OC1(
∑
pi) = OC1(L)}
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Note that if c ≥ 2 then the equality OC1(
∑
pi) = OC1(L) does not imply that the divisor
p1 + ...+ pn ⊂ C1 is cutted by a curve in the linear system H
0(Q,L).
Mk,L has a natural structure of closed subscheme of Mk,n , in order to show this, using the fact
that Mk,L is the fibred product of M1,L →M1,n and the natural projection Mk,n →M1,n , it
is not restrictive to assume k = 1.
Let C
π
−→M1,n be the universal curve, C ⊂ Q×M1,n , q: C → Q the projection and let pi:M1,n →
C be the sections of marked points, then, as the fibres of π are smooth irreducible curves, M1,L
is naturally isomorphic to the first Fitting subscheme of the coherent sheaf π∗OC(q∗L−
∑
pi).
We consider the Fitting subscheme instead of the support because we want that Mk,L represent
the corresponding functor from the opposite category of schemes over C to the category of sets.
Lemma 2.2. Let C1 ∈ |H | be a smooth curve, then the restriction map H0(Q,F )→ H0(C1, F )
is an isomorphism. In particular if (C1, ..., Ck, p1, ..., pn) ∈ Mk,L then OCi(
∑
pi) = OCi(L)
for every i = 1, ..., k and Mk,L is stable under the action of Aut0(Q)× Σk × Σn .
Proof. The first part follows immediately from the vanishing of H0(Q,−L) and H1(Q,−L).
For the second part it is not restrictive to assume k = 2. Write C1 ∩ C2 =
∑
pi + D with
D ∈ |OC1(F )| a reduced divisor, by the first part of the lemma there exists a curve F1 ∈ |F |
such that D = C1 ∩ F1 . Since D is reduced over C1 of degree cb we also have D = C2 ∩ F1
and therefore OC2(
∑
pi) = OC2(H − F ) = OC2(L).
⊓⊔
Proposition 2.3. In the above notation the scheme Mk,L is smooth irreducible of dimension
n+ 2(a+ b)− 1 + (k − 1)(c+ 1) . Moreover the natural projections Mk,L →M1,L →M1,0 are
smooth morphisms.
Proof. The space M1,0 is a Zariski open subset of |H | and therefore it is smooth irreducible of
dimension ab+ a+ b .
We have H1(Q,L) = H2(Q,L−H) = 0 and therefore for every smooth curve C ∈ |H | we have
g(C) = (a− 1)(b− 1) and H1(C,L) = 0.
By Riemann-Roch formula h0(C,L) = L·C + 1 − g(C) = b(a − c) + a+ b . Let C
p
−→M1,0 be
the universal curve, then p∗q
∗L is a locally free sheaf of rank b(a − c) + a + b . Now M1,L
is an unramified covering of an open subset of the projectivized of p∗q
∗L and therefore it is
smooth of dimension n+ 2(a+ b)− 1. The same proof shows also that the natural projection
M1,L →M1,0 is smooth and by the general position theorem its fibres are irreducible.
In order to conclude the proof we show that the fibres of the projection Mk,L
π
−→M1,L are
smooth irreducible of dimension (k − 1)(c+ 1).
First note that for every m = (C, p1, ..., pn) ∈ M1,L the complete linear system |OC(H −∑
pi)| = |OC(F )| is base point free of dimension c . From this it follows that the fibre of π
over m is a nonempty open subset of P(H0(H − p1 − ...− pn))k−1 .
⊓⊔
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We are now able to prove the main result of this section
Theorem 2.4. In the notation above, for every k ≥ 3 , M0k,L := Mk,L ∩M
0
k,n is a nonempty
connected component of M0k,n .
Proof. By proposition 2.3 the space Mk,L is smooth irreducible. Given generic curves C ∈ |H | ,
D ∈ |L| , F1, F2 ∈ |F | and setting {p1, ..., pn} = C ∩ D we have by Bertini’s theorem that
(C1, ..., Ck, p1, ..., pn) ∈M0k,L , where C1, ..., Ck are generic curves in the twodimensional linear
system generated by C,D + F1 and D + F2 .
The scheme M0k,L is the restriction of Mk,L to M
0
k,n and it is therefore closed is the latter; by
implicit function theorem it is sufficient to prove that for every m = (C1, ..., Ck, p1, ..., pn) ∈
M0k,L the natural map of Zariski tangent spaces Tm,Mk,L → Tm,Mk,n is surjective.
We have already proved that the composition Mk,L
i
−→Mk,n
α
−→M1,0 is smooth; we now prove
that every morphism φ:T = Spec(C[ǫ]/(ǫ2)) → (Mk,n,m) such that φα = 0 can be lifted to
Mk,L .
Note that for every line bundle L over Q , the line bundle q∗L is the unique extension of L to
Q× T , where q:Q× T → Q is the projection.
The morphism φ represents k smooth curves over T , CT,1, ..., CT,k which are divisors of q
∗H
together with n sections pT,i:T → ∩CT,j ⊂ Q × T such that their restriction to the closed
point of T give m ; the condition αφ = 0 is equivalent to CT,1 = C1 × T .
For every i = 2, ..., k let Di = C1 ∩ Ci −
∑
pj ∈ |OC1(F )| and let si ∈ H
0(Q,F ) be a section
whose restriction to C1 gives the divisor Di . The assumption m ∈M0k,L implies that the linear
system V ⊂ H0(Q,F ) generated by s2, ..., sk has no fixed components and since F 2 = 0 it has
no base points.
Denoting by W ⊂ H0(C1, F ) the isomorphic image of V under the restriction map, we have a
commutative diagram with vertical epimorphisms and horizontal cup products
V ⊗H0(Q,KQ + L)
β
−→ H0(Q,KQ + C1)y y
W ⊗H0(C1,KC1 − F )
µ0
−→ H0(C1,KC1)
The map β is surjective; in fact it is well known (and easy to prove) that, denoting Sd ⊂ C[x, y]
the subspace of homogeneous polynomials of degree d , if V ⊂ Sc is a base point free (over P1 )
vector subspace then V ⊗Sa−c → Sa is surjective for every a ≥ 2c− 1. Moreover it is also well
known that if A,B are effective divisor over Q then the cup product H0(Q,A)⊗H0(Q,B)→
H0(Q,A+B) is surjective; in conclusion β and then µ0 are surjective.
The map µ0 plays an important role in the description of the Zariski tangent space of the Brill-
Noether varieties W rd (C1) and G
r
d(C1) (see [ACGH] for the definitions) at the points OC1(F )
and W respectively.
In particular by [ACGH, IV.4.1], the annihilator Im(µ0)
⊥ ⊂ H1(OC1) = H
0(KC1)
∨ classifies
the first order extension of OC1(F ) where the divisors Di extend. As µ0 is surjective it follows
immediately that OC1×T (q
∗H −
∑
pT,i) = OC1×T (q
∗F ) and then φ can be lifted to Mk,L .
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⊓⊔
By simmetry the above results are still true if L = OQ(a, b− c′) with 2c′ < b . The proof of 2.4
does not work if L = OQ(a− c, b− c′), c, c′ > 0, even in the case a >> c, b >> c′ , because in
general V is not base point free and the map µ0 cannot be surjective.
Corollary 2.5. Assume b = la for some integer l ≥ 2 and n = la(2a− c) , 0 < 2c < a , k ≥ 3 .
Then M0k,n contains at least two connected components which are stable under the action of
Aut0(Q)× Σk × Σn .
Proof. Setting L1 = OQ(a− c, b), L2 = OQ(a, b − lc) we have by 2.3 Mk,L1 ∩Mk,L2 = ∅ and
then we can take M0k,L1 and M
0
k,L2
as connected components.
A simpler proof of the equality Mk,L1 ∩Mk,L2 = ∅ which works also for k = 1 follows from
2.2. In fact if (C1, ..., Ck, p1, ..., pn) ∈Mk,L1 ∩Mk,L2 then
h0(OC1(H −
∑
pi)) =
{
h0(OC1(H − L1)) = c+ 1
h0(OC1(H − L2)) = lc+ 1
.
⊓⊔
By a careful reading of the proofs we see that all the above results concerning the local structure
of the spaces Mk,L and Mk,n at a point (C1, ..., Ck, p1, ..., pn) depends only on the properties
of the linear system generated by the curves C1, .., Ck . We can generalize these results by
considering the “closure” M k,n ⊂ |H |k ×Qn whose elements (C1, ..., Ck, p1, ..., pn) satisfy the
conditions:
i) the curves Ci ’s are reduced without common components.
ii) pi ∈ Cj for every i, j , i.e. the points pi are contained in the base locus of the linear system
V generated by C1, ..., Ck .
iii) pi 6= pj if i 6= j .
iv) The subscheme of base points of V is reduced, i.e. if q belongs to the intersection of
C1, .., Ck then the local equations of the curves Ci ’s at the point q generate the maximal
ideal.
We define M 0k,n ⊂ M k,n as the open subscheme of points (C1, ..., Ck, p1, ..., pn) such that
{p1, ..., pn} = C1 ∩ ... ∩ Ck .
It is immediate to see, by using Bertini’s theorem, that if (C1, ..., Ck, p1, .., pn) ∈ M k,n (resp.:
M 0k,n ) then for generic curves D1, ..., Dk in the linear system generated by the divisors Ci we
have (D1, ..., Dk, p1, .., pn) ∈Mk,n (resp.: M0k,n ).
We then define M k,L as the set of (C1, ..., Ck, p1, ..., pn) ∈ M k,n such that OD(
∑
pi) = OD(L)
for some smooth curve D in the linear system generated by C1, ..., Ck . By Lemma 2.2 if
OD(
∑
pi) = OD(L) for one smooth curve then the same is true for every smooth curve in the
linear system < C1, ..., Ck > .
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As above M k,L and M
0
k,L = M k,L ∩ M
0
k,n are closed subschemes of M k,n , M
0
k,n respec-
tively.
Theorem 2.6. M k,L is a smooth irreducible variety and if m = (C1, ..., Ck, p1, ..., pn) ∈ M 0k,L
then M k,L → M k,n is a local isomorphism at m .
Proof. It is convenient to work with the (C∗)k -principal bundles Fk,n →Mk,n , Fk,L →Mk,L ,
F k,n → M k,n , F k,L → M k,L , obtained by considering the sections of the line bundle H
instead of the divisors.
Let m = (f1, ..., fk, p1, ..., pn) ∈ F k,n be a fixed point and let A = (aij) ∈ GL(k,C) be a
matrix, we then define Am = (g1, ..., gk, p1, ..., pn) where gi =
∑
aijfj . If A is generic then
Am ∈ Fk,n and A extends to an isomorphism of germs of complex spaces A: (F k,n,m) →
(Fk,n, Am); this germ isomorphism clearly preserves the subscheme F k,L and the theorem
follows by the above results.
⊓⊔
We also point out that Mk,n is Zariski open and dense in M k,n . The motivation of our
definition of M k,n and M
0
k,n will be clear in the next sections. Moreover the inclusion
M0k,n ⊂ M
0
k,n induces a bijection between the sets π0 ’s of connected components.
Consider now a fixed m = (C1, ..., Ck, p1, ..., pn) ∈ M k,n with k ≥ 2 and let S = Sm
ν
−→Q
be the blow up at the points p1, ..., pn . If Ei ⊂ Sm is the (−1)-curve over pi and C′i =
ν∗Ci −
∑
j Ej then m ∈ M
0
k,n if and only if ∩C
′
i = ∅ .
Lemma 2.7. In the above notation h0(θS) = h
2(θS) = 0 , h
1(θS) = 2n− 6 .
Proof. The vanishing of H2(θS) is a general fact which holds for every smooth rational surface.
Let Ei ⊂ S be the exceptional curve over the point pi , 1 = 1, .., n . It is well known that there
exists two exact sequences of sheaves
0−→θS−→ν
∗θQ−→⊕OEi(1)−→0
0−→ν∗θS−→θQ−→⊕ Tpi,Q−→0
and we also have the vanishing of the higher direct image sheaf R1ν∗θS = 0.
It is therefore sufficient to prove that the natural restriction map H0(Q, θQ) → ⊕Tpi,Q is
injective. Let πi:Q → P1 , i = 1, 2 be the natural projections; as n > max(2a, 2b) and the
curves Ci have no common components, the points pi lie in at least three different fibres of π1 ,
π2 . Since θQ = OQ(2, 0)⊕OQ(0, 2) the injectivity of the above restriction map is immediate.
⊓⊔
By a well known formula we have an isomorphism Pic(S) = ν∗Pic(Q) ⊕ ZE1 ⊕ ... ⊕ ZEn ;
from now on we shall write OS(r, s) = ν∗OQ(r, s). By the Leray spectral sequence we get
hi(OS(r, s)) = hi(OQ(r, s)).
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Definition 2.8. We shall say that a line bundle L = OS(r, s) −
∑
aiEi is combinatorially
ample if ai ≥ 2 for every i = 1, ..., n and r, s >
∑
(ai + 1).
Note that if L is combinatorially ample then for every D ∈ Pic(S) the line bundle D+ αL is
combinatorially ample for α sufficiently large.
Proposition 2.9. Let L ∈ Pic(S) be a combinatorially ample line bundle, then:
i) L is ample and base point free.
ii) H1(L) = H1(−L) = 0 .
iii) H0(θS(−L)) = H1(θS(−L)) = 0 .
Proof. Consider a line bundle L = OS(r, s)−
∑
aiEi with ai > 0 for every i .
a) If r, s ≥
∑
ai then L is effective and nef. In fact L2 = 2rs −
∑
a2i > 0, L·Ei = ai > 0;
moreover if V ⊂ H0(L) is the subspace generated by sections whose zero locus is contained in
a finite union of fibres of the two projections π1, π2:S → P1 , then it is immediate to observe
that the possible fixed part of V is contained in the exceptional divisor E = ∪Ei . In particular
L·C ≥ 0 for every irreducible curve on S .
b) If r, s >
∑
ai then L is ample. This follows by point a) and Nakai criterion.
c) If δ:X → S is the blow up at a point with exceptional curve E ⊂ X the same arguments of
points a) and b) show that if r, s ≥ 3 +
∑
ai then δ
∗L − E is ample.
d) By adjunction formula KS = OS(−2,−2) +
∑
Ei and by point b), if L is combinatorially
ample then L , L − KS are ample. By Kodaira vanishing we have H1(−L) = 0, H1(L) =
H1(KS − L)∨ = 0.
The same arguments shows that δ∗(L −KS)− 2E is ample on X , in particular H1(X,KX −
δ∗L+ E) = 0 and L is base point free on S .
e) We have an exact sequence
0−→θS(−L)−→(OS(2, 0)− L)⊕ (OS(0, 2)− L)−→⊕OEi(1 − ai)−→0.
By taking the associate cohomology exact sequence, if L is combinatorially ample then by the
above steps we get H0(θS(−L)) = H1(θ(−L)) = 0.
⊓⊔
Let S
ν
−→M k,n × Q be the blow up of the sections pi: M k,n → Q . It is easy to see, using
the fact that the union of the images of p1, ..., pn is a locally complete intersection subscheme
of M k,n × Q , that the natural map S
p
−→M k,n is flat and commute with base change; in
particular p−1(m) = Sm and if Ei ⊂ S is the exceptional divisor over the section pi then
Ei ∩ Sm is exactly the (−1) curve over the point pi .
Denoting by q:S → Q the natural projection, if r, s >
∑
(ai + 1) then the line bundle L =
q∗OQ(r, s)−
∑
aiEi is combinatorially ample on every fibre of p and p∗L is locally free.
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3. (Z/2)r -covers and their deformations
A quite useful machinery in the explicit construction of components of moduli spaces is the
technique of Galois deformations of abelian covering. This technique has been extensively
studied in [Ca1], [Ma2] in the case of (Z/2)2 -covers, in [Ma3] for simple iterated double covers
and in [Par], [FP] for general nonsingular abelian covers.
It is possible to prove that the main results of [FP] holds, with minor changes, also for flat, locally
simple, normal abelian covering. Here, in order to avoid long and unnecessary computations
we consider only the case of (Z/2)r -covers, leaving the possible generalizations elsewhere.
A) Basic theory of normal flat (Z/2)r -covers.
For readers convenience we recall the basic definition and results about (Z/2)r -covers of
algebraic varieties; for the proofs we refer to the “standard” reference [Par].
It is notationally convenient to consider the group G = (Z/2)r as a vector space of dimension r
over Z/2; there exists a natural isomorphism between the dual vector space G∨ and the group
of characters G∗
G∨ ∋ χ ↔ (−1)χ ∈ G∗.
Given any abelian group Λ, a pair of maps D:G→ Λ, L:G∨ → Λ satisfies the cover condition
if:
i) D0 = L0 = 0.
ii) For every χ, η ∈ G∨ ,
Lχ + Lη = Lχ+η +
∑
χ(σ)=η(σ)=1
Dσ.
If i: {0, 1} → R is the inclusion and [ ]:R → Z is the integral part, it is easy to see that a
pair (L,D) ∈ ΛG
∨
⊕ ΛG satisfies the cover condition if and only if D0 = L0 = 0 and for every
k ≥ 0, χ1, ..., χk ∈ G∨ holds the equality
Lχ1 + . . .+ Lχk = Lχ1+...+χk +
∑
σ∈G
[1
2
k∑
j=1
i(χj(σ))
]
Dσ.
As an application of this formula we see easily that, if χ1, ..., χr is a basis of G
∨ , D:G→ Λ is
an application such that D0 = 0 and Lχ1 , ..., Lχr ∈ Λ satisfy the equations
2Lχi =
∑
χi(σ)=1
Dσ, i = 1, ..., r
then there exists unique an extension L:G∨ → Λ such that (L,D) satisfies the cover condition.
We denote by Z(G,Λ) ⊂ ΛG
∨
⊕ΛG the subgroup consisting of pairs (L,D) satisfying the cover
condition.
Lemma 3.1. Let G be as above and let
0−→K−→Λ˜
α
−→Λ−→C
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be an exact sequence of abelian groups with K a Q-vector space and C torsion free.
Then for every (L,D) ∈ Z(G,Λ) and every lifting D˜:G→ Λ˜ of D there exists unique a lifting
(L˜, D˜) ∈ Z(G, Λ˜) of (L,D) .
Proof. It is immediate to prove that if α(λ˜) = 2v then there exist unique v˜ ∈ Λ˜ such that
α(v˜) = v and 2v˜ = λ˜ .
Let χ1, ..., χr be a basis of G
∨ , by the above remark there exists a bijection between the liftings
of L satisfying the cover conditions and the liftings of Lχj satisfying the equations
2L˜χi =
∑
χi(σ)=1
D˜σ, i = 1, ..., r.
⊓⊔
It is very easy to find solutions of the cover condition for every group Λ. For every subspace
0 6= H ⊂ G and every v ∈ Λ we can define an elementary solution (L,D)H,v ∈ Z(G,Λ) in the
following way (cf. [Par, Ex. 4.1]):
i) If dimH = 1 we set
Lχ =
{
0 if χ ∈ H⊥,
v if χ 6∈ H⊥
Dσ =
{
2v if σ ∈ H − {0},
0 otherwise
ii) If dimH = d+ 2 ≥ 2
Lχ =
{
0 if χ ∈ H⊥,
2dv if χ 6∈ H⊥
Dσ =
{
v if σ ∈ H − {0},
0 otherwise
It is not difficult to see that if Λ is finitely generated then the elements (L,D)H,v generate
Z(G,Λ); we don’t need this result.
Lemma 3.2. Assume the dimension of G at least 4 and let H ⊂ G a proper subspace. Let
α: Λ → Z be a nonzero homomorphism of groups. Given any positive integer N and any
application D:H → Λ such that D0 = 0 , there exists an extension (L,D) ∈ Z(G,Λ) such that:
a) α(Lχ −Dσ) ≥ N for every χ ∈ G∨ − {0} , σ ∈ G .
b) α(Dσ) ≥ N for every σ ∈ G−H .
Proof. Let q be a positive integer, v ∈ Λ such that α(v) > 0 and η ∈ G−H .
For every τ ∈ G let (Lτ , Dτ ) ∈ Z(G,Λ) be the following elementary solution:
i) If τ ∈ H then
Lτχ =
{
0 if χ ∈ η⊥ ∩ τ⊥,
Dτ otherwise
Dτσ =
{
Dτ if σ = τ, η, τ + η,
0 otherwise
ii) If τ 6∈ H then
Lτχ =
{
0 if χ(τ) = 0,
qv if χ(τ) = 1
Dτσ =
{
2qv if σ = τ ,
0 otherwise
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A simple computation shows that for q >> 0 the sum
∑
τ∈G
(Lτ , Dτ ) satisfies the required
conditions.
⊓⊔
Assume now that the group G acts faithfully on a normal irreducible complex algebraic variety
X and let π:X → Y be the projection to the quotient. We also make the assumption that the
quotient map π is flat; this assumption is in general quite strong but it is always satisfied if Y
is smooth.
For every σ ∈ G − {0} let Fix(σ) ⊂ X be the (possibly empty) closed subscheme of fixed
points of the involution σ and let Rσ ⊂ Fix(σ) be its Weil divisorial part; by convention we
set R0 = ∅ . It is well known and easy to see (cf. [Ca1]) that Rσ is reduced; as the group G is
abelian every Rσ is G-stable and if τ 6= σ then Rσ , Rτ have no common components.
Let Dσ = π(Rσ) ⊂ Y with the reduced structure, Dσ is a Weil divisor which is not Cartier in
general.
The map π is flat and then π∗OX is locally free and there exists a character decomposition
π∗OX =
⊕
χ∈G∨
L−1χ
where by definition L−1χ = {f ∈ π∗OX |σf = (−1)
χ(σ)f, ∀σ ∈ G} , note moreover that L−10 =
OY and, since π is a G-principal bundle over the generic point of Y , L−1χ is a locally free
OY -module of rank 1 for every χ ∈ G∨ .
For every x ∈ X let Ix = {σ|x ∈ Rσ} , I = ∪Ix = {σ|Rσ 6= ∅} ; in the terminology of [Par],
π:X → Y is called a (G, I)-cover. It is clear that Ix is contained in the stabilizer Stabx of the
point X ; we shall see that the condition π flat implies that Ix generates Stabx .
Definition 3.3. In the above notation the cover π:X → Y is called:
a) Totally ramified if I generates G .
b) Simple if I is a basis of G .
c) Locally simple if Ix is a set of linearly independent vectors for every x ∈ X .
For every pair χ, η ∈ G∨ let βχ,η:L−1χ ⊗L
−1
η → L
−1
χ+η be the multiplication map, it is immediate
to observe that the βχ,η ’s induce a structure of commutative OY -algebra on ⊕L−1χ if and only
if
βχ,η = βη,χ, βχ,0 = 1, βχ,η βχ+η,µ = βχ,µ βχ+µ,η (3.4)
for every χ, η, µ ∈ G∨ .
We can interpret βχ,η as a section of the line bundle Lχ + Lη − Lχ+η and the computation of
[Par] shows that
div(βχ,η) =
∑
χ(σ)=η(σ)=1
Dσ
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Therefore over the open set U ⊂ Y of regular points the divisors Dσ are Cartier and the
pair (L,D) ∈ Pic(U)G
∨
⊕ Pic(U)G satisfies the cover condition. The pair (L,D) is called the
building data of the cover π:X → Y .
Corollary 3.5. Let π:X → Y be a normal flat G-cover, Z an irreducible normal variety and
f :Z → Y be a morphism such that f(Z) 6⊂ ∪Dσ and the codimension in Z of f−1(Sing(Y )∪
π(Sing(X))) is at least 2.
If the fibred product X ′ = X ×Y Z is normal then the divisors f∗(Dσ) are reduced without
common components.
Proof. Denote by π′:X ′ = X ×Y Z → Z the pullback of the projection and by f∗βχ,η the
multiplication map of the OZ -algebra f∗π∗OX = π′∗OX′ , then we have
div(f∗βχ,η) =
∑
χ(σ)=η(σ)=1
f∗Dσ
and the normality of X ′ implies that these divisors are reduced.
⊓⊔
Note that if π is locally simple then the divisors Dσ are Cartier; in fact if Ix = {σ1, .., σs} is
a set of linearly independent vectors then there exists χ1, ..., χs ∈ G∨ such that χi(σj) = δij
and therefore by the cover condition 2Lχi = Dσi in some Zariski neighbourhood of y = π(x).
Conversely, given a normal variety Y , line bundles Lχ ∈ Pic(Y ) and reduced Weil divisors
Dσ without common components such that (L,D) satisfies the cover condition on the Picard
group of Y −Sing(Y ), there exist a normal, flat G-cover π:X → Y with building data exactly
(L,D). Moreover if Y is complete then π is uniquely determined up to G-isomorphism.
In fact let U ⊂ Y be the open set of smooth points, π:V → Y be the total space of the
vector bundle ⊕Lχ , wχ ∈ H0(V, π∗Lχ) the tautological sections and fσ ∈ H0(U,Dσ) a section
defining Dσ . For every χ, η ∈ G∨ let βχ,η =
∏
χ(σ)=η(σ)=1 fσ ; as the variety Y is normal, βχ,η
extends uniquely to a section of Lχ + Lη − Lχ+η . An elementary computation shows that the
sections βχ,η satisfy the equations (3.4).
We then define X ⊂ V as the subvariety defined by the equations
Fχ,η := wχwη − wχ+ηβχ,η = 0, ∀χ, η ∈ G
∨.
For the unicity of π when Y is complete follows from the following argument; another proof
will be made later on this section.
Let f ′σ be another set of equation of the divisors Dσ and let β
′
χ,η be the corresponding mul-
tiplication maps and X ′ ⊂ V defined by the equations wχwη − wχ+ηβ
′
χ,η = 0. For every pair
χ, η ∈ G∨ there exists an invertible function αχ,η ∈ H0(O∗Y ) such that βχ,η = αχ,ηβ
′
χ,η .
Assume now that for every χ ∈ G∨ there exists a square root of αχ,χ in H
0(O∗Y ), then there
exist invertible functions gχ ∈ H0(O∗Y ) such that
gχgη = gχ+ηαχ,η (3.6)
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for every χ, η ∈ G∨ ; the isomorphism of the vector bundle V defined by wχ → gχwχ will
induces an isomorphism X ≃ X ′ .
We can choose the function gχ in the following way; let χ1, ..., χr be a basis of G
∨ and for
every χ =
∑
aiχi , ai = 0, 1, we define the length l(χ) =
∑
ai . Let gχi be a fixed square root
of αχi,χi ; let χ = η + χi be a decomposition such that l(χ) = l(η) + 1, by induction on l we
can suppose gη is defined, then we set gχ = gηgχiα
−1
η,χi : the functions gχ satisfy the cocycle
condition (3.6).
Proposition 3.7. Let π:X → Y be a normal flat G-cover with Y smooth. Then X is smooth
if and only if π is locally simple, the divisors Dσ are smooth and intersects transversally.
Proof. [Par,3.1].
⊓⊔
In the case Y smooth surface there exists simple formulas for the numerical invariants χ(OX),
K2X in terms of the building data (L,D). In fact by Hurwitz formula we have KX = π
∗KY +∑
Rσ , π
∗Dσ = 2Rσ and if g = |G| = 2r then for every divisors A,B on Y we have
π∗A·π∗B = gA·B, Rσ ·π
∗A =
1
2
gDσ ·A, Rσ ·Rτ =
1
4
gDσ ·Dτ
Since π is finite Hi(OX) = ⊕H
i(Y, L−1χ ) and therefore we get
K2X = g(KY +
1
2
∑
σ
Dσ)
2, χ(OX) = gχ(OY ) +
1
2
∑
χ
Lχ ·(Lχ +KY )
A simple calculation shows that if the building data are sufficiently ample then the invariants
K2, χ spread in the region 4χ ≤ K2 ≤ 8χ .
Remark. . When we say that the building data (L,D) is sufficiently ample we shall mean
that there exists a basis σ1, ..., σr of G such that the line bundles Lχ , χ 6= 0 and OY (Dσi),
i = 1, .., r , are sufficiently ample.
By the computation of [Ma3] it follows that every real number β ∈ [4, 8] can be approximated
by the ratios
K2
χ
of simple (Z/2)r -covers.
B) The geometry of locally simple covers.
Let π:X → Y be a normal flat simple (G,I)-cover with I = {σ1, ..., σr} basis of G = (Z/2)r
and Y complete irreducible. Let χ1, ..., χr ∈ G∨ be the dual basis of σ1, ..., σr and let fi be
an equation defining Dσi . In the above notation X is defined, up to isomorphism, in V by the
equations 

w2χi = fi for i = 1, ..., r
w∑ aiχi =∏waiχi for ai = 0, 1
An immediate simplification of this equations gives X as a complete intersection in the total
space of Lχ1 ⊕ ....⊕ Lχr defined by the r equations w
2
χi = fi . Note moreover that the divisor
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Rσi is defined by the equation wχi = 0 and then it is a Cartier divisors in X . From this
description follows immediately the projection formula
π∗ORσ =
⊕
χ(σ)=0
ODσ (−Lχ).
Note that our definition of simple cover is compatible with the, apparently different, notions of
simple covers given in [Ma3], [Ca3], [Par].
If π is locally simple then for every y ∈ Y there exists a neighbourhood U ⊂ Y such that
X ×Y U is isomorphic to the cover defined by equations w2i = fi , i = 1, ..., r . In particular a
normal flat G-cover is unramified at x if and only if Ix = ∅ ; more generally if H ⊂ G is the
subspace generated by Ix then X/H → Y if still flat and ramified in codimension ≥ 2 at the
point x , by the above remark X/H → Y is unramified at x and then H = Stabx .
A more important consequence is that if π:X → Y is locally simple then X is a local complete
intersection in V and the divisors Rσ are Cartier.
Let π:X → Y be a locally simple G-cover, we have seen that for every σ , Rσ is a G-stable
Cartier divisors, in particular the G-action on X can be naturally lifted, in the sense of [Mu2,
p.110-111], to G-actions on the coherent sheaves OX(−Rσ), ORσ (−Rσ).
Theorem 3.8. For every locally simple normal flat (Z/2)r -cover π:X → Y there exists a
G-equivariant exact sequence of sheaves
0−→π∗Ω1Y−→Ω
1
X−→⊕σ ORσ (−Rσ)−→0.
Proof. Assume first π simple, then there exist line bundles L1, ..., Lr over Y such that X is the
complete intersection subvariety of W = L1⊕...⊕Lr defined by the equations Fi = w2i −fi = 0,
where Di = {fi = 0} ⊂ Y are the branching divisors of π and wi ∈ H0(W,π∗Li) are the
tautological sections.
The equations Fi ∈ H0(W,π∗Di) are G-invariant, in particular the conormal bundle of X in
W is G-isomorphic to the pull back π∗(⊕OY (−Di)) = ⊕OX(−2Ri). On the other hand there
exists a natural G-isomorphism Ω1W/Y = ⊕π
∗L−1i . Tensoring the exact sequence of sheaves
over W
0−→π∗Ω1Y−→Ω
1
W−→Ω
1
W/Y−→0
by OX we get
TorW1 (OX ,Ω
1
W/Y ) = 0−→π
∗Ω1Y−→Ω
1
W ⊗OX−→Ω
1
W/Y ⊗OX−→0.
We have moreover the exact sequence
0−→⊕i OX(−2Ri)
d
−→Ω1W/Y ⊗OX−→Ω
1
X/Y−→0,
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where d(Fi) = d(w
2
i − fi) = widwi ∈ OX(−Ri) = π
∗L−1i . This gives a natural G-isomorphism
Ω1X/Y =
⊕
i
OX(−Ri)
wiOX(−2Ri)
=
⊕
i
ORi(−Ri).
The injectivity of π∗Ω1Y → Ω
1
X follows by considering the snake exact sequence of the commu-
tative diagram
0 −→ ⊕OX(−π∗Di) −→ Ω1W ⊗OX −→ Ω
1
X −→ 0
‖
y y
0 −→ ⊕OX(−π∗Di) −→ Ω1W/Y ⊗OX −→ Ω
1
X/Y −→ 0
This proves the theorem for simple covers.
In the general case, for every σ ∈ G let Zσ = X/σ and πσ:X → Zσ be the projection to the
quotient. As Rσ is Cartier, by [Ma3] 3.1, the map πσ is flat in a neighbourhood U of Rσ and
by the computation in the simple case there exists a natural isomorphism Ω1U/Zσ = ORσ (−Rσ)
and morphisms
Ω1X/Y → Ω
1
X/Zσ
→ ORσ(−Rσ)
Taking the direct sum of ORσ (−Rσ) over all σ ∈ G we get a morphism Ω
1
X/Y → ⊕ORσ (−Rσ)
and the computation made in the simple case shows that it is a G-isomorphism.
⊓⊔
Lemma 3.9. Let π:X → Y be a normal flat locally simple G-cover, then for every σ ∈ G
ExtiX(ORσ (−Rσ),OX) =
⊕
χ(σ)=0
Hi−1(ODσ (Dσ − Lχ))
Proof. By applying the functor HomX(−,OX) to the exact sequence
0−→OX(−2Rσ)−→OX(−Rσ)−→ORσ (−Rσ)−→0
we get
ExtiX(ORσ (−Rσ),OX) =
{
ORσ (2Rσ) i = 1
0 i 6= 1
and by the Ext spectral sequence ExtiX(ORσ (−Rσ),OX) = H
i−1(π∗ORσ (2Rσ)).
A local computation shows that 2Rσ = π
∗Dσ , π∗ORσ = ⊕χ(σ)=0ODσ (−Lχ) and then
π∗ORσ =
⊕
χ(σ)=0
ODσ (−Lχ).
⊓⊔
Corollary 3.10. If π:X → Y is normal, flat, locally simple G-cover such that H1(Y, L−1χ ) =
0 , Ext1Y (Ω
1
Y , L
−1
χ ) = 0 , H
0(Y,Dσ − Lχ) = 0 for every χ 6= 0 and every σ ∈ χ⊥ .
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Then G acts trivially on Ext1X(Ω
1
X ,OX) .
Proof. Let χ 6= 0 be a fixed character, taking the χ-equivariant part of the long ExtX(−,OX)
sequence associated to
0−→π∗Ω1Y−→Ω
1
X−→⊕σ ORσ (−Rσ)−→0
we get ⊕
σ∈χ⊥
H0(ODσ (Dσ − Lχ))−→Ext
1
X(Ω
1
X ,OX)
χ−→Ext1X(π
∗Ω1Y ,OX)
χ
The left side lies in the middle of H0(Y,Dσ − Lχ) and H1(Y,−Lχ) and then it is equal to
0. As π is finite flat there exists a natural isomorphism (cf. [Ma3] 2.1) Ext1X(π
∗Ω1Y ,OX) =
Ext1Y (Ω
1
Y , π∗OX) and therefore Ext
1
X(π
∗Ω1Y ,OX)
χ = Ext1Y (Ω
1
Y , L
−1
χ ) = 0.
⊓⊔
Note that if Y is Gorenstein of dimension n ≥ 2 then by Serre duality
Ext1Y (Ω
1
Y , L
−1
χ ) = Ext
1
Y (Ω
1
Y ⊗ Lχ ⊗KY ,KY ) = H
n−1(Ω1Y ⊗ Lχ ⊗KY )
∨
and this space is 0 whenever Lχ is sufficiently ample.
C) Galois deformations of (Z/2)r -covers.
Let π:X → Y be a normal flat (Z/2)r -cover with Y complete irreducible variety and building
data Lχ , Dσ . Here we want to study the deformations of π obtained by “moving” the branching
divisors. We assume for simplicity that Y is smooth and H0(Y, θY ) = H
0(X, θX) = 0; although
these assumption are not strictly necessary for the main results of this section, they are sufficient
for our application and allow simpler proofs. We also note that in the case X smooth our results
are contained in [FP].
Let Art be the (small) category of local Artinian C-algebras and denote by
DefX , DefY , Defπ:Art→ Set
the functors of deformations of X , Y , π respectively. All of them satisfy Schlessinger conditions
H1, H2, H3 of [Sch] and linearity condition L of [FaMa]; therefore they admit a hull and a good
obstruction theory.
Since X,Y are normal we have
T iDefX = Ext
i
X(Ω
1
X ,OX), T
iDefY = Ext
i
Y (Ω
1
Y ,OY ), i = 1, 2
where as usual we denote by T 1 the tangent space and by T 2 the obstruction space arising
from the cotangent complex [Fle].
Let Def(Y,Dσ):Art → Set be the functor of deformations of the closed inclusions Dσ → Y ;
more precisely for A ∈ Art , Def(Y,Dσ)(A) is the set of isomorphism classes of:
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1) a deformation of Y , YA → Spec(A).
2) for every σ ∈ G , a closed A-flat embedding DA,σ ⊂ YA extending Dσ (the subvarieties
DA,σ will be automatically Cartier divisors).
Note that Def(Y,Dσ) is prorepresented by the fibred product of the relative Hilbert scheme of
the Kuranishi family of Y .
Lemma 3.11. In the above set up let (YA, DA,σ) ∈ Def(Y,Dσ)(A) ; then for every χ there exists
a unique extension LA,χ ∈ Pic(YA) of Lχ such that (LA,χ, DA,σ) satisfies the cover condition.
Proof. Let 0→ C→ A→ B → 0 be a small extension in Art , then we have an exact sequence
of sheaves
0−→OY−→O
∗
YA−→O
∗
YB−→.0
Since Y is complete, reduced and irreducible the pullback map B∗ = (B −mB) → H0(O∗YB )
is surjective and then we have an exact sequence of abelian groups
0−→H1(OY )−→Pic(YA)−→Pic(YB)−→H
2(OY ).
The conclusion follows by lemma 3.1 and induction on the length of A .
⊓⊔
Proposition 3.12. There exists a natural transformation of functors
Def(Y,Dσ) → Defπ
commuting with the projections Defπ → DefY , Def(Y,Dσ) → DefY .
Proof. Let fσ ∈ H0(Y,Dσ) be equations of the divisors Dσ , then X is G-isomorphic to the
subvariety of V = ⊕Lχ defined by
Fχ,η = wχwη − wχ+η
∏
χ(σ)=η(σ)=1
fσ = 0, χ, η ∈ G
∨.
Consider now A ∈ Art and (YA, DA,σ) ∈ Def(Y,Dσ)(A). By 3.11 there exist unique line bundles
LA,χ ∈ Pic(YA) such that (LA,χ, DA,σ) satisfies the cover condition.
Denoting πA:VA = ⊕LA,χ → YA we define XA ⊂ VA by the equations
FA,χ,η = wχwη − wχ+η
∏
χ(σ)=η(σ)=1
fA,σ = 0 χ, η ∈ G
∨.
where fA,σ ∈ H0(YA, DA,σ) is an equation of DA,σ extending fσ . We also define πA:XA → YA
as the natural projection.
We first note that πA is flat and then XA is flat over A . In fact by construction πA∗OXA =
⊕L−1A,χ which is locally free. It is clear that our construction commutes with morphisms in Art
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and then remains only to prove that the isomorphism deformation class of πA does not depends
on the choice of fA,σ . More precisely we also need to prove the independence from the choice
of the isomorphisms of line bundles LA,χ ⊗ LA,η ⊗ L
−1
A,χ+η ≃ O(
∑
χ(σ)=η(σ)=1 DA,σ), but the
effect over πA:XA → YA of a change of isomorphism is the same of a change of the equations
fA,σ .
Let f ′A,σ be another set of equations, as Y is complete reduced and irreducible, for every σ
there exists an invertible element aσ ∈ A such that f
′
A,σ = aσfA,σ . Let π
′
A:X
′
A → YA be the
cover defined by f ′A,σ .
The maps πA, π
′
A are uniquely determined by the isomorphism classes of the OYA -algebras
A = ⊕L−1A,χ, A
′ = ⊕L−1A,χ
with the multiplication maps induced respectively by the sections
βA,χ,η =
∏
χ(σ)=η(σ)=1
fA,σ, β
′
A,χ,η =
∏
χ(σ)=η(σ)=1
f ′A,σ
The sections β, β′ differ by multiplication by an invertible element of A .
Every OYA -isomorphism from A to A
′ is determined by taking for every χ ∈ G∨ an invertible
element gχ ∈ Hom(LA,χ, LA,χ) = A such that g0 = 1 and
β′A,χ,η =
gχgη
gχ+η
βA,χ,η, ∀χ, η ∈ G
∨
Given a section s:Spec(A)→ YA it is clearly sufficient to check these conditions over the image
of s , or equivalently to prove that s∗A is isomorphic to s∗A′ . This last condition is trivially
satisfied if the image of s does not intersect the branching divisors DA,σ , in fact every principal
G-bundle over a fat point is trivial.
⊓⊔
Let η:Def(Y,Dσ) → DefX be the composition of the morphisms defined in 3.8 and the natural
projection Defπ → DefX . Let moreover DefGX ⊂ DefX be the subfunctor of deformations of
X for which there exists an extension of the G-action. Using the fact that H0(X, θX) = 0 it is
easy to see that DefGX is a functor with good deformation theory, i.e. satisfies the Schlessinger
conditions, and it is prorepresented by the G-invariant subgerm of the Kuranishi base space of
X . By Cartan’s lemma DefGX = DefX if and only if G acts trivially on T
1
X = Ext
1
X(Ω
1
X ,OX).
Theorem 3.13. In the above notation, if π:X → Y is locally simple then the natural trans-
formation η induces an isomorphism Def(Y,Dσ) ≃ Def
G
X .
Proof. We prove the theorem by constructing explicitly an inverse natural transformation
θ:DefGX → Def(Y,Dσ) . The first step is to construct a natural transformation µ:Def
G
X → DefY
by “taking the quotients”.
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For every A ∈ Art it is useful to consider every deformation XA ∈ DefGX(A) as a sheaf OA of
flat A-algebras over X together with a lifting of the G-action. As G is abelian there exists a
character decomposition
π∗OA =
⊕
χ∈G∨
(π∗OA)
χ
Since π is a finite affine morphism, the sheaf π∗OA is still flat over A and then every direct
summand (π∗OA)
χ is A-flat. In particular YA: = (Y, (π∗OA)
0)→ Spec(A) is a flat morphism.
If A→ B is a morphism in Art and OB = OA⊗AB we have π∗OB = (π∗OA)⊗AB ; moreover
for every character χ we have (π∗OA)χ⊗AB ⊂ π∗(OB)χ . Putting together the above relations
we get that (π∗OA)χ⊗AB = π∗(OB)χ ; in particular YA is a deformation of Y and the induced
application µ:DefGX → DefY commute with base change, i.e. it is a morphism of functors.
Note also that (π∗OA)χ is a deformation of L−1χ and therefore it is a line bundle over YA .
Let x ∈ X be a point, y = π(x) and σ1, ..., σr ∈ G a basis extending Ix ; denote by χ1, ..., χr
the dual basis. Over a sufficiently small affine open neighbourhood U of y the cover π:X → Y
is isomorphic to π1:XU → U where XU ⊂ U ×Crw is defined by equations
w2i = fσi , i = 1, ..., r
and π1 is the projection on the first factor. The G-action over XU is induced by the G-action
on the affine variety U ×Cr defined by σ(wi) = (−1)χi(σ)wi .
Let (X,OA) ∈ DefGX(A) and let UA = (U, (π∗OA)
0), it is well known [Ar] that (XU ,OA)→ UA
can be described as an embedded deformation inside UA ×Cr , moreover as G is finite we can
choose the embedded deformation G-stable.
XU is a complete intersection in U ×Cr and then every G-stable deformation over A is given
by the equations
w2i = fA,σi , i = 1, ..., r
with fA,σi a lifting of fσi over UA .
The regular function fA,σ defines a Cartier divisor DA,σ over UA which is A-flat. It is clear
that these local constructions of DA,σ patch together over YA and commute with base change.
We have therefore constructed a natural transformation θ:DefGX → Def(Y,Dσ) . By construction
it is immediate to observe that θη is the identity on Def(Y,Dσ) .
The same proof of 3.12 shows that the morphism θ is injective and then ηθ is the identity on
DefGX .
⊓⊔
The above proof has the advantage of being quite elementary but it seems very hard to extend
it to natural deformations ([FP] def. 3.2). For this reason we sketch here a shorter but more
technical proof of 3.13 which involves the notion of relative obstructions and the standard
criterion of smoothness [FaMa].
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Let ν:Def(Y,Dσ) → DefY be the natural projection, it is easy to compute the tangent and
obstruction space of ν ; they are
T iν =
⊕
σ
Hi−1(ODσ (Dσ)), i = 1, 2.
This gives an exact sequence
0−→
⊕
σ
H0(ODσ (Dσ))−→T
1Def(Y,Dσ)−→Ext
1
Y (Ω
1
Y ,OY )−→
−→
⊕
σ
H1(ODσ (Dσ))−→T
2Def(Y,Dσ)−→Ext
2
Y (Ω
1
Y ,OY )
On the other hand, taking the long ExtX(−,OX) sequence of
0−→π∗Ω1Y−→Ω
1
X−→⊕σ ORσ (−Rσ)−→0
we get
⊕
χ
Ext0Y (Ω
1
Y , L
−1
χ )−→
⊕
σ
⊕
χ(σ)=0
H0(ODσ (Dσ − Lχ))−→T
1DefX−→
⊕
χ
Ext1Y (Ω
1
Y , L
−1
χ )−→
−→
⊕
σ
⊕
χ(σ)=0
H1(ODσ (Dσ − Lχ))−→T
2DefX−→
⊕
χ
Ext2Y (Ω
1
Y , L
−1
χ )
If Ext1Y (Ω
1
Y , L
−1
χ ) = 0, H
0(ODσ (Dσ − Lχ)) = 0 for every χ 6= 0 and σ ∈ χ
⊥ , then a simple
diagram chasing involving the above exact sequences shows that the natural maps
T iDef(Y,Dσ) → T
iDefX
are surjective for i = 1 and injective for i = 2. By the standard smoothness criterion the
morphism η is smooth. If in addition H0(θY ) = Ext
0
Y (Ω
1
Y ,OY ) = 0 then also H
0(θX) = 0 and
DefX is prorepresentable. By diagram chasing η induces an isomorphism on tangent spaces
and then it is an isomorphism.
For future reference we collect the main results in the following corollary
Corollary 3.14. Let π:X → Y be a normal flat locally simple (Z/2)r -cover with building data
(Lχ, Dσ) such that:
i) Y is smooth of dimension ≥ 2 , H0(θY ) = 0 .
ii) Ext1Y (Ω
1
Y , L
−1
χ ) = H
1(L−1χ ) = 0 for every χ 6= 0 .
iii) H0(Y,Dσ − Lχ) = 0 for every χ 6= 0 , σ ∈ χ⊥ .
Then H0(θX) = 0 and the natural morphism η:Def(Y,Dσ) → DefX is an isomorphism of
prorepresentable functors.
The functor Def(Y,Dσ) corresponds essentially to the functor DgalX of Galois deformations
introduced in [FP]; we shall say that the family of Galois deformations is complete if η is
smooth.
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Let H ⊂ G be a proper subspace and let Dσ , σ ∈ H − {0} , be reduced effective divisors in
the smooth variety Y without common components. The same argument of lemma 3.2, with
Λ = Pic(Y ) and v ample, shows that if the dimension of G is at least 4 there exists sufficiently
ample and general divisors Dσ , σ ∈ G −H , and sufficiently ample line bundles Lχ such that
the pair (L,D) satisfies the cover condition. Moreover if dimY ≥ 2 and H0(θY ) = 0 we can
choose (L,D) which satisfies the hypothesis of corollary 3.14. In particular if X → Y is the
G-cover with building data (L,D) then the family of Galois deformations of X is complete.
Example 3.15. The corollary 3.14 provides a techniques for constructing irreducible compo-
nents of the moduli space of surfaces of general type whose members have singular canonical
model.
Consider for example the Pascal configuration in P2 , i.e. a smooth conic C and an inscribed
hexagon E = L1 +L2 + ...+L6 , Li line. This configuration is uniquely determined by C and
the six vertices pi = C ∩ Li ∩ Li+1 , (L7 = L1), i = 1, ..., 6. Assume p1, ..., p6 ∈ C in general
position and let q1 = L1 ∩ L4 , q2 = L2 ∩ L5 , q3 = L3 ∩ L6 . Pascal theorem asserts that the
qi are collinear end then the generic quadric passing through qi has an ordinary double point
(node).
Let Y
ν
−→P2 be the blow up of p1, ..., p6, q1, q2, q3 . By Kodaira stability theorem the 9 excep-
tional curves of ν are stable under deformations, in particular it is possible to choose a very
ample line bundle OY (1) ∈ Pic(Y ) which extends to every deformation of Y .
Let σ1, ..., σ8 ∈ (Z/2)8 be a basis and let D:H = (Z/2)8 → Div(Y ) defined in the following
way:
Dσi= strict transform of Li , i = 1, ..., 6.
Dσ7 = strict transform of C .
Dσ8 = strict transform of a generic quadric passing through q1, q2, q3 .
Dσ = 0 if σ 6= σi .
It is immediate to see that every deformation of the data (Y,Dσ) preserves the Pascal configura-
tion; in particular if (YA, DA,σ) ∈ Def(Y,Dσ)(A) then the flat family of curves DA,σ8 → Spec(A)
is locally trivial.
Let now D:G = (Z/2)9 → Div(Y ), L:G→ Pic(Y ) an extension of D:H → Div(Y ) such that
for every σ ∈ G−H the divisor Dσ is a generic element of the linear system |OY (l)| , l >> 0;
the pair (L,D) satisfies the cover conditions and the hypothesis of Corollary 3.14.
Let π:X → Y be the G-cover with building data (L,D), it is easy to see that X is a normal
surface with exactly 28 simple nodes as singularities and ample canonical bundle. By 3.14 every
deformation of X is Galois and then contains at least 28 nodes.
Examples of irreducible components of the moduli space of surfaces of general type whose
general member is a regular surface with singular canonical model were constructed in [Ca7]
by using a different method.
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The use of Galois deformations allow to give a simple proof of the following
Proposition 3.16. Let π:X → Y be a normal flat (Z/2)r -cover with Y smooth; then X is
Q-Gorenstein of index ≤ 2 . Moreover the following three conditions are equivalent:
a) π is locally simple.
b) X is locally complete intersection.
c) X is Gorenstein.
Proof. As Y is smooth and π is flat, by a well known result in commutative algebra [Mat,§23],
the variety X is Cohen-Macaulay (resp.: Gorenstein) if and only if the fibres of π are Cohen-
Macaulay (resp.: Gorenstein). The fibres, and hence X , are Cohen-Macaulay because they have
dimension 0. By Hurwitz formula 2KX = f
∗KY +
∑
Dσ ; this proves that X is Q-Gorenstein
of index ≤ 2.
We have already proved that a)⇒ b), while b)⇒ c) is a general fact of commutative algebra.
We now prove c) ⇒ a). If r = 1 there is nothing to prove; we begin by considering the case
r = 2.
Every fibre is defined in C3w by the six equations{
w2i = fjfk
wjwk = wifi
{i, j, k} = {1, 2, 3}, fi ∈ C
If X is not locally simple at a point x , then the fibre containing x has f1 = f2 = f3 = 0
and then it is isomorphic to Spec(C[w1, w2, w3]/(w1, w2, w3)
2) and then it is not Gorenstein
because the socle has dimension 3.
As the property of being Gorenstein is local the same conclusion holds if r ≥ 2 but the stabilizer
of every point x ∈ X is a subspace of dimension ≤ 2.
In general assume r ≥ 3 and π not locally simple at x ; it is not restrictive to shrink Y to a
sufficiently small affine neighbourhood U of y = π(x) such that Dσ ∩U are principal divisors.
Let σ, τ ∈ G such that σ, τ, σ + τ ∈ Ix . Since the property of being Gorenstein is stable under
small deformations, we can deform the divisors Dσ by moving away from y the divisors Dα
with α 6= σ, τ, σ+τ . After this deformation Ix = {σ, τ, σ+τ} the stabilizer of x has dimension
2 and the above computation gives a contradiction.
⊓⊔
Corollary 3.17. Let π:X → Y be a (Z/2)r -cover of algebraic surfaces. If Y is smooth and
X has at most rational double points as singularities then π is locally simple.
Proof. Immediate from Proposition 3.12.
⊓⊔
Example 3.18. Let (X0, 0) be the cyclic singularity of type
1
4
(1, 1), it is well known [Rie]
that the semiuniversal deformation of (X0, 0) contains two irreducible components: the Artin
component and the Q-Gorenstein component.
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The Q-Gorenstein component is the one-parameter smoothing π:X = Y/µ2 → Ct where
Y ⊂ C3 × Ct is defined by the equation uv = t + y2 and the group µ2 is generated by the
involution (u, v, y)→ (−u,−v,−y).
The group G = (Z/2) × (Z/2) generated by the involutions
σ(u, v, y, t) = (v, u, y, t), ̺(u, v, y, t) = (u, v,−y, t)
acts on X preserving fibres. A set of generator of the C-algebra Oµ2Y = OX which are eigen-
vectors for the G-action is given by
t, x = uv = y2 + t, z = u2 + v2, w1 = uy + vy, w2 = u
2 − v2, w3 = uy − vy
It is trivial to see that X/G is smooth and X is isomorphic to the subvariety of C5×Ct defined
by the equations
w2i = fjfk, wiwj = wkfk, {i, j, k} = {1, 2, 3}
where f1 = z − 2x , f2 = x+ t , f3 = z + 2x .
It is important for us to observe that the singularity X0 is the bidouble cover of C
2 branched
over three lines passing through 0 and that every Q-Gorenstein smoothing is obtained as a
Galois deformation by moving a line away from 0.
Example 3.19. Let m = (C1, ..., Ck, p1, ..., pn) ∈ M k,n and denote by ν:Sm → P1 × P1 the
blow up of p1, ..., pn , Ei = ν
−1(pi) and Di = ν
∗Ci −
∑
j Ej .
There is a natural morphism of functors of Artin rings φ: (M k,n,m) → DefSm,Di and by
Kodaira stability theorem φ is a smooth morphism.
Example 3.20. In the notation of example 3.19 assume k = 3 and let π:Xm → Sm be the
(Z/2)2 = {0, α1, α2, α3} -cover with building data Dαi = Di , i = 1, 2, 3 and Lχ = OSm(D1),
χ 6= 0.
In view of 3.7, 3.17 and 3.18 we see easily that:
i) if m ∈M03,n then Xm is smooth.
ii) if m ∈M3,n then Xm has at most cyclic singularities of type
1
4
(1, 1).
iii) if X has at most rational double points as singularities then m ∈ M 03,n .
This partially motivates the definitions of section 2. It is an interesting question to decide
whether two surfaces Xm , Xl are deformation equivalent whenever m, l belongs to different
connected components of M03,n . We suspect that the answer is no in general but a proof of this
fact seems inaccessible at the moment.
4. (Z/2)r -actions on rational double points and their smoothings
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In this section we continue the investigation of [Ca3], [Ma3] concerning the quotients of rational
double points by commuting involutions: in particular we are interested to simplicity and
smoothability of the actions.
We first introduce some terminology. Assume the group G = (Z/2)r acts faithfully on a normal
surface singularity (X, x) and let π: (X, x)→ (Y, y) be the quotient map.
For every σ ∈ G let Rσ ⊂ X be the germ of the divisorial part of the fixed locus of σ . As in
the global case, every irreducible curve germ through X may belong to at most one Rσ . We
denote by Dσ the image of Rσ with the reduced structure and Ix = {σ|Rσ 6= 0} .
Definition 4.1. The G-action is called almost simple if Ix is a set of linearly independent
vectors. It is called simple if it is almost simple and the quotient map π is flat.
The computations of §3 show that if the G-action is simple then the divisors Rσ , Dσ are
principal and Ix is a basis. In particular if Y is smooth then the G-action is simple if and only
if it is almost simple.
After [Ca3] we know that there exist exactly 13 conjugacy classes of (Z/2)r -actions on rational
double points. We shall give this list in the next three tables.
Table 4.2. Equations of RDP’s in C3 .
E8 z
2 + x3 + y5 = 0
E7 z
2 + x(y3 + x2) = 0
E6 z
2 + x3 + y4 = 0
Dn, n ≥ 3 z2 + x(y2 + xn−2) = 0
An, n ≥ 0 z2 + x2 + yn+1 = 0 or uv + yn+1 = 0
By a little abuse of terminology, we consider the smooth germ (C2, 0) as the rational double
point A0 and D3 = A3 ; clearly x, z are local coordinates on C
2 at 0. Moreover we have
u = z + ix , v = z − ix .
Table 4.3. ([Ca3] ) The six canonical forms of involutions acting on the RDP’s.
a) (x, y, z)→ (x,−y, z)
b) (x, y, z)→ (x,−y,−z)
c) (u, v, y)→ (−u, v,−y)
d) (x, y, z)→ (−x, y,−z)
e) (u, v, y)→ (−u,−v,−y)
f) (x, y, z)→ (x, y,−z)
30
Table 4.4. Conjugacy classes of (Z/2)r -actions on rational double points.
r X basis Y |Ix| simple? smoothable?
1 1 E6, Dn, A2n+1 a A2, A1, An+1 1 yes yes
2 1 E6, Dn, A2n+1 b E7, D2n−2, Dn+3 0 no no
3 1 A2n c Bn 1 no yes
4 1 An d A2n+1 0 no no
5 1 A2n−1 e Yn 0 no yes
6 1 all RDP’s f A0 1 yes yes
7 2 E6, Dn, A2n+1 a, f A0 2 yes yes
8 2 An d, f A0 2 yes yes
9 2 A2n+1 a, d A2n+1 1 no no
10 2 An e, f A1 1 no no
11 2 A2n+1 b, d D2n+4 0 no no
12 2 A2n+2 c, d A2n+2 2 no yes
13 3 A2n+1 a, d, f A0 3 yes yes
The above Table 4.4 requires some explanations.
By definition Bn is the quotient of the rational double point A2n by the involution c); the
computation of [Ca3] shows that Bn is the cyclic singularity of type
1
2n+ 1
(1, 2n− 1) and by
the Hirzebruch-Jung expansion as a continued fraction ([B-P-V] III.5) its Dynkin diagram is
•
−2
•
−2
•
−2
. . . •
−2
•
−3
(n ≥ 2 vertices) (4.5)
If Z is the fundamental cycle then Z2 = −3 and then Bn is a rational triple point; by Riemen-
schneider results ([Rie, Satz 10 and Satz 12]) every deformation of Bn admits simultaneous
resolution. In particular if F is the Milnor fibre of a smoothing of Bn then H2(F,Z) is torsion
free of rank n with the intersection form induced by the Dynkin diagram (4.5).
By definition Yn is the quotient of the rational double point A2n−1 by the involution e).
A simple computation ([Ca3, p. 92], [Ma1], [Ma7]) shows that Yn+1 is the cyclic quotient
singularity of type
1
4n
(1, 2n− 1) and its Dynkin diagram is
•
−4
for n = 1
•
−3
•
−2
•
−2
. . . •
−2
•
−3
(n ≥ 2 vertices) for n ≥ 2
The fundamental cycle has selfintersection Z2 = −4 and then Yn is a rational quadruple
point. Again by Riemenschneider results ([Rie, Satz 13]) the base space of the semiuniversal
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deformations of Yn is the transversal union of two smooth germs parametrizing respectively
deformations admitting simultaneous resolution and Q-Gorenstein deformations.
If F is the Milnor fibre of a Q-Gorenstein smoothing of Yn then it is proved in ([Ma1, Prop.
13]) that the torsion subgroup of H2(F,Z) is isomorphic to (Z/2) and it is generated by the
canonical class.
The first 4 columns of 4.4, namely r , X , Y and the basis of G ; come directly from [Ca3].
By |Ix| we denote the cardinality of the set Ix : a case by case computation shows that all the
above actions are almost simple.
The sixth column tell us if the action is simple, this is obtained by direct inspection. The last
column tell us if the action is smoothable.
For reader convenience we recall the notion of smoothable action introduced in [Ma3].
Definition 4.6. Let G be a finite group acting on a normal twodimensional singularity (X, 0).
The action is called smoothable if there exists a smoothing (X , 0)→ (C, 0) of (X, 0) such that
the G-action extends to X preserving fibres and the quotient (X/G, 0)→ (C, 0) is a smoothing
of the quotient Y = X/G . The Milnor fibre of X/G→ C is called an admissible Milnor fibre
of the G action.
Remark. 4.7. Not every Milnor fibre of singularity X/G is admissible, for example if (X, 0)
is a rational double point and G is a cyclic group acting freely on X − 0 then the admissible
Milnor fibres are exactly the ones coming from Q-Gorenstein smoothing.
In the definition 4.6, the proof that Y = X/G is the central fibre of the smoothing X/G is non
trivial and rests on the Serre criterion [Mat, 23.8] and the fact that Cohen-Macaulay complex
spaces are preserved under finite group actions.
The answer yes in the last column of 4.4 is given by writing down explicit smoothings, while
the answer no in obtained by using the same methods of [Ma3] (see below).
Note that every simple action realize X as a simple cover of Y and then a generic Galois defor-
mation of the cover gives a smoothing of the action (recall that every rational twodimensional
singularity is smoothable, [Wa3, 1.3]).
In the following example we describe some smoothings of non simple actions (i.e. lines 3,5 and
12 of Table 3).
Example 4.8. The singularity X ⊂ C3 × C defined by the equation uv + y2n+1 + ty = 0
defines a smoothing of the rational double point A2n ; the involution c) extends to X and its
quotient is a smoothing of Bn .
The negative answer to smothability in lines 2,4 is proved in [Ma3, 4.6], the negative answer in
lines 9,10,11 is proved in a similar way; here we illustrate the idea by showing that the action
9 is not smoothable.
The rational double point X of type A2n−1 , n > 0, is defined in C
3 by the equation z2+x2+
y2n = 0 and the action 9 is given by the involutions a, d, e = ad , G = {1, a, d, e} .
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Since G is finite, every G-stable smoothing of X over (C, 0) is defined in (C3 × C, 0) by an
equation
Ft(x, y, z) = z
2 + x2 + y2n + tφ(x, y, z, t) = 0
with φ a G-invariant function; see [Ma3, 4.5] for a proof of this fact.
In particular the power series expansion of φ cannot contain linear terms in x, y, z . Since
for t 6= 0 sufficiently small the fibre Xt = {Ft = 0} is smooth, we must have necessarily
φ(0, 0, 0, t) 6= 0 and the intersection of X with the line {x = z = 0} = Fix(d) is the germs
of plane curve of equation y2n + tφ(0, y, 0, t) = 0. In particular, for 0 < |t| << 1 there exists
a point x = (0, ξ, 0, t) ∈ Fix(d) ∩ Xt with ξ 6= 0; hence x is an isolated fixed point for the
involution d and x 6∈ Fix(a)∪Fix(e). This implies that the image of x in the quotient Xt/G
is a singular point.
In the following three lemmas we deduce, in the style of [Ca3], some topological obstructions
to degenerations.
Lemma 4.9. Let V−→C2 be the blow-up at a point and let Fn be the Milnor fibre of a
smoothing of a singularity of type An, Dn, En, Bn , n > 0 .
Then cannot exist any open embedding F ⊂ V .
Proof. Assume that Fn is an open subset of V , then there is a homomorphism of groups
i∗:H2(Fn,Z) → H2(V,Z) which preserves the intersection products. We have H2(V,Z) =
Ze , where e is the class of the exceptional curve, e2 = −1. By simultaneous resolution
the intersection form on H2(Fn,Z) is negative definite of rank n ; this forces n = 1. But
H2(F1,Z) = Zǫ with ǫ
2 = −2 for smoothing of A1 and ǫ
2 = −3 for smoothing of B1 ; in both
cases i∗ cannot be an isometry.
⊓⊔
Lemma 4.10. Let F be the Milnor fibre of a smoothing of Yn , then cannot exist any open
embedding F ⊂ C2 .
Proof. There are two different cases:
1) F is the fibre of a smoothing admitting simultaneous resolution. In this case the intersection
form on H2(F,Z) is negative definite and cannot exist any isometry H2(F,Z)→ H2(C2,Z) = 0.
2) F is the fibre of a Q-Gorenstein smoothing. As F is open in C2 the (trivial) canonical
class restricts to the canonical class of F which is non trivial; this gives a contradiction.
⊓⊔
Lemma 4.11. Let F be the Milnor fibre of a smoothing of a rational double point of type An ,
n ≥ 2 and let V → C×P1 be the blow up at two points. Then cannot exist any open embedding
F ⊂ V .
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Proof. As above an embedding would give an isometry i∗:H2(F,Z) → H2(V,Z) = Z3 . Since
the intersection form on H2(V,Z) is given by the diagonal matrix diag(0,−1,−1) a simple
calculation shows that this leads to a contradiction.
⊓⊔
5. A global construction
Let k > 0 be a fixed natural number and consider integers a1, ..., ak, b1, ..., bk ≥ 3, n1 < n2 <
... < nk , ai 6= bi such that 0 ≤ ni ≤ 2aibi and denote M 3,ni = M
ai,bi
3,ni
.
Let M ⊂ M a1,b13,n1 × ...× M
ak,bk
3,nk
be the open subscheme of k -uples ((C1i , p
1
j), ..., (C
k
i , p
k
j )) such
that pij 6= p
h
l for (i, j) 6= (h, l) and the curves C
i
j are without common components.
Define also
M 0 = M ∩
∏
i
M 03,ni .
Let ν:S → M ×Q be the blow up of the sections pij : M → M ×Q , i = 1, ..., k j = 1, ..., ni
and denote by p:S → M , q = (q1, q2):S → P1 × P1 = Q the natural projections.
Denote by Eij ⊂ S the exceptional Cartier divisor over the sections p
i
j . We have seen that the
coherent sheaf p∗(q
∗OQ(r, s)−
∑
aijE
i
j) is locally free in the following cases:
i) r, s ≥ 0 and aij = 0 for every i, j .
ii) aij ≥ 2 for every i, j and r, s >
∑
(aij + 1).
Moreover in the above cases i), ii) the restriction of q∗OQ(r, s) −
∑
aijE
i
j to every fibre of p
gives a base point free linear system.
For every i = 1, ..., k define Gi1 = (Z/2)
2 = {0, αi1, α
i
2, α
i
3} , G
i
2 = (Z/2)
ni with basis ǫi1, ..., ǫ
i
ni .
Define moreover G′ = G11 ⊕G
1
2 ⊕ .... ⊕ G
k
1 ⊕ G
k
2 ⊕ (Z/2)
4 with τ1, τ2, η1, η2 a basis of (Z/2)
4
and G = G′ ⊕ (Z/2) .
Given a point m = ((C1i , p
1
j), ..., (C
k
i , p
k
j )) ∈ M we want to construct a family of normal flat
G-covers over the fibre Sm = p
−1(m), the building data L:G∨ → Pic(Sm), D:G→ Div(Sm)
of this cover must satisfy the following conditions:
i) Lχ −Dσ is combinatorially ample for every χ 6= 0, σ ∈ G .
ii) Dαi
j
= q∗Cij −
∑
hE
i
h j = 1, 2, 3, i = 1, .., k .
iii) Dǫi
j
= Eij , Dτi a fibre of q1 , Dηi a fibre of q2 . If σ ∈ G
′ is not one of the previous cases
then Dσ = 0.
iv) If σ ∈ G−G′ then Dσ is combinatorially ample.
We have seen that there exists sufficiently ample building data satisfying the above conditions,
moreover by the computation of section 2 it follows easily that the triple (S,L,D) satisfies the
hypothesis of corollary 3.14.
Since Pic(Sm) is torsion free the map L:G
∨ → Pic(Sm) is uniquely determined by D:G →
Div(Sm). For a fixed m and L the set of building data (L,D) as above is then parametrized
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by a product Um of projective spaces; by base change the union of all Um , with fixed L is an
algebraic bundle s:U → M .
Lemma 5.1. Let U0 ⊂ U (resp.: U00 ) be the subset of triples (m,D,L) such that the divisors
Dσ are reduced without common components and the associated G-cover X → Sm has at most
rational double points as singularities (resp.: X is smooth).
Then U0, U00 are Zariski open in U .
Moreover s(U00) ⊂ s(U0) ⊂ M 0 .
Proof. For every u = (s(u), Lu, Du) ∈ U denote Su = S ×M {u} . By construction there
exist (tautological) maps DU :G → Div(S ×M U), LU :G
∨ → Pic(S ×M U) such that their
restriction to Su are exactly Du, Lu ; define U˜ ⊂ U as the Zariski open subset consisting of
points u such that the divisors Du,σ are reduced without common components and then they
are the branching divisors of a normal flat G-cover Xu → Su .
There exists a Zariski open covering U˜ = ∪Vi such that the maps DU , LU satisfies the cover
conditions on S ×M Vi and therefore there exist flat G-covers XVi → S ×M Vi , which by
construction contains all the Galois deformations of Xu → Su for every u ∈ U˜ .
By the stability property of the classes of smooth and rational double points under deformations
it follows that Vi∩U0 and Vi∩U00 are Zariski open subsets of Vi and this proves that U0, U00
are Zariski open in U .
For u ∈ U0 let Xu → Su = S×M {u} be the associated G-cover, by Corollary 3.17 it is locally
simple, hence for every i = 1, ..., k , Dαi
1
∩Dαi
2
∩Dαi
3
= ∅ and this is equivalent to the fact that
s(u) ∈ M 0 .
⊓⊔
If M denotes the moduli space of surfaces of general type the above proof shows that the
natural map φ:U0 →M , φ(u) = [Xu] is a regular morphism of varieties. Note that the map
φ is invariant under the natural action of Aut0(Q) over U
0 ; it is also useful to remark that
U0 and U00 are stable under the action of Aut0(Q)×
∏k
i=1(Σ3 ×Σni) but in general φ is not
invariant under this extended action.
Proposition 5.2. The morphism φ is open.
Proof. Immediate from the fact that, as the building data are choosed satisfying the hypothesis
of 3.14, the Galois deformations are complete.
⊓⊔
Next we want to prove that φ(V ) is closed in M for every irreducible component V of U0 ;
since U00 is dense in U0 it is sufficient to prove that there exists an open covering U00 = ∪Vi
such that φ(Vi ∩ V ) ⊂ φ(V ) for every i .
We choose the covering {Vi} such that there exist global G-covers XVi → S ×M Vi , by the
valuative criterion the closure of φ(V ) follows from the following
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Theorem 5.3. Let U00 = ∪Vi be as above and let ∆ be a smooth affine curve, 0 ∈ ∆ and let
f :X → ∆ be a proper flat family of irreducible surfaces such that:
i) Xt = f
−1(t) is smooth for t 6= 0 and X0 has at most rational double points as singularities.
ii) Xt has ample canonical bundle for every t ∈ ∆ .
iii) Let X ∗ = X −X0 , ∆∗ = ∆−{0} , then there exists a regular morphism η: ∆∗ → Vi ⊂ U00
such that X ∗ → ∆∗ is isomorphic to the pull-back of XVi → Vi under η .
Then the map η: ∆∗ → U00 can be extended, up to the action of Aut0(Q) on U00 , to a regular
morphism η: ∆→ U0 .
Proof. As the fibres of f have at most rational double points and ample canonical bundle
the hypothesis of the semicontinuity theorem [FP, 4.4] are satisfied and the G-action over X ∗
can be extended to a regular G-action on X ; moreover the restriction of this action to X0 is
faithful.
Let π:X → Y be the projection to the quotient and let g:Y = X/G→ ∆ be the factorization
of f . Denote by Yt = g
−1(t); note that if Yt is smooth or Xt/G is smooth and Yt is normal
then the natural morphism Xt/G→ Yt is an isomorphism of varieties.
Claim 1. If x ∈ Xt is a smooth point then g:Y → ∆ is smooth at π(x) , in particular Y is
normal with isolated singularities.
We can check the smoothness of g from the analytic point of view. Let Gx ⊂ G be the
stabilizer of x , according to [Ma3, 4.5] there exists a Gx -isomorphism of analytic germs (X , x) =
(Xt, x)× (∆, t) where Gx acts trivially on ∆. Then (Y, π(x)) = (Xt/Gx, x)× (∆, t), using the
fact that Yt is smooth for every t 6= 0 it follows that (Xt/Gx, x) must be smooth. Since X is
normal also Y is normal.
Claim 2. g:Y → ∆ is smooth and π:X → Y is flat.
By Claim 1 if g is not smooth at a point y = π(x) then x must be a singular point of X0 . As
above let Gx be the stabilizer of x ; then Gx acts on the smoothing (X , x)→ (∆, 0) preserving
fibres and its quotient is the smoothing (Y, y) → (∆, 0). Therefore the Gx -action on the
rational double point (X0, x) is smoothable.
For every σ ∈ G let Dσ ⊂ Y be the reduced branching divisor of the action of σ on X .
If F ⊂ Yt is the Milnor fibre of (Y, y) → (∆, 0) then for t sufficiently near to 0 we have
F ⊂ Yt− (∪σ 6∈IxDσ) and then, recalling that among the divisors Dσ ∩Yt there are fibres of the
two projections q1, q2:Yt → P
1 × P1 → P1 , we see that F is biholomorphic to an open subset
of V , where
a) V = C2 if |Ix| = 0, or
b) V = the blow up of C2 at a point if |Ix| = 1, or
c) V = the blow up of C× P1 at two points if |Ix| = 2.
By using table 4.4 and the topological obstructions 4.9, 4.10 and 4.11 we deduce that Y0 must
be smooth at y .
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By 3.5 the divisors Dσ ∩ Yt are reduced without common components and the same argument
used in Claim 1 shows that for every t every branching divisor of Xt → Yt has the form
Dσ ∩ Yt . Since Dτ1 ·Dτ2 ·Yt = 0, we have Dτ1 ∩ Dτ2 = ∅ and, possibly shrinking ∆, Dτ1 is
linearly equivalent to Dτ2 and then they define a morphism Y → P
1 . The same argument
applies to the divisors Dη1 , Dη2 and then we have a morphism ν:Y → Q ×∆ such that for
every t 6= 0 the restriction ν:Yt → Q is the blow up at n distinct points.
Claim 3. Dǫi
j
∩ Y0 is a smooth rational curve for every i = 1, ...k , j = 1, ..., ni .
Let (i, j) be fixed pair as above and let E = Dǫi
j
∩ Y0 .
As Dǫi
j
is reduced irreducible and the local rings of ∆ are discrete valuation rings the map
g:Dǫi
j
→ ∆ is flat and then E ⊂ Y0 is a reduced connected divisor of arithmetic genus pa(E) =
0. It is then easy to see that if E = ∪iEi ⊂ Y0 is the decomposition in irreducible components,
then every irreducible component Ei is smooth rational, Ei ·Ej ≤ 1 for every i 6= j and the
dual intersection graph is a tree; a trivial calculation shows that E2 =
∑
i(E
2
i + 2)− 2.
The one-dimensional variety ν(Dǫi
j
) is irreducible and then ν contracts E ; by Mumford the-
orem [Mu1] every component Ei has negative selfintersection. If E
2
i ≤ −2 for every i then
we get a contradiction by using the above formula −1 = E2 =
∑
i(E
2
i + 2) − 2. Let E0 ⊂ E
be a component with E20 = −1, then by Kodaira stability theorem [Ko], [Ho], there exist an
analytic neighbourhood 0 ∈ ∆′ ⊂ ∆ and a smooth closed submanifold E ⊂ g−1(∆′) such that
E ∩ Y0 = E0 and g: E → ∆
′ is a P1 bundle. As ν contracts E0 then it contracts all the fibres
of g: E → ∆′ and therefore E ⊂ Dǫh
l
for some h, l . Using the fact that the divisors Dǫh
l
∩ Y0
j = 1, ..., n have no common components we get E ⊂ Dǫi
j
; both divisors are irreducible and
then E = Dǫi
j
.
From Claim 3 it follows that ν:Y0 → Q is the blow up at n distinct points p1, ..., pn . Moreover
Dαi
j
∩ Y0 is a reduced effective divisor linearly equivalent to OY0(ai, bi) −
∑
Eij and Dαi
1
∩
Dαi
2
∩Dαi
3
= ∅ ; this clearly implies that
(.., (ν(Dαi
1
∩ Y0), ν(Dαi
2
∩ Y0), ν(Dαi
3
∩ Y0), p
i
1, ..., p
i
ni), ...) ∈ M
0
From this we get the required morphism η: ∆→ U0 .
⊓⊔
Corollary 5.4. Let V be an irreducible (resp.: connected) component of U0 . Then φ(V ) is
an irreducible (resp.: connected) component of the moduli space M .
Proof. It is an immediate consequence of the fact that φ is an open map and that φ(V ) is
closed in M .
⊓⊔
There exists a natural diagonal action of Aut0(Q)
k on the spaces
∏
M3,ni and
∏
M03,ni .
Lemma 5.5. Let UT ⊂ U˜ be the open subset of points u such that Xu is a surface of class T.
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Then the open subsets s(UT ) ∩
∏
M3,ni ⊂
∏
M3,ni , s(U
00) ∩
∏
M3,ni ⊂
∏
M03,ni intersect
every Aut0(Q)
k -orbit. In particular s(UT ) ∩
∏
M3,ni is connected.
Proof. Let m = (.., (Cij , p
i
l), ..) ∈
∏
M3,ni , for a generic choice of φ = (φ1, ..., φk) ∈ Aut0(Q)
k ,
the curves
φ1(C
1
1 + C
1
2 + C
1
3 ), ..., φk(C
k
1 + C
k
2 + C
k
3 )
intersects transversally. This implies that there exists u ∈ UT such that s(u) = φ(m) and every
point of Xu is either smooth or cyclic singular of type
1
4
(1, 1). The same argument shows that
if m ∈
∏
M03,ni then for generic u ∈ Uφ(m) the surface Xu is smooth.
Since
∏
M3,ni is connected and Aut0(Q)
k is irreducible it is an easy exercise to deduce that
s(UT ) ∩
∏
M3,ni is connected.
⊓⊔
As a corollary of 5.5 we get the following
Proposition 5.6. If u, v ∈ U00 then Xu , Xv are deformation T -equivalent and hence diffeo-
morphic.
Proof. It is an immediate consequence of 5.5 and the inclusion s(U00) ⊂ s(UT ) ∩
∏
M3,ni .
⊓⊔
It remains to estimate from below the number of connected components of φ(U0).
Proposition 5.7. If the building data (L,D) are sufficiently ample then there exists an open
dense subset U ′ ⊂ U00 such that if u, v ∈ U ′ and φ(u) = φ(v) then s(u) = hs(v) for some
h ∈ Aut0(Q) ×
∏
(Σ3 × Σni) . In particular the number of connected components of φ(U
0) is
greater or equal than the number of connected components of
∏
M03,ni which are stable by the
action of Aut0(Q)×
∏
(Σ3 × Σni) .
Proof. According to [FP,4.4], if (L,D) are sufficiently ample there exists an open dense subset
U ′ ⊂ U00 such that for every u ∈ U ′ , Aut(Xu) = G , i.e. every biregular automorphism
of Xu is an automorphism of the cover Xu → Su . (The same result can be obtained as a
straightforward generalization of the main theorem of [Ma4]).
The point φ(u) ∈ M determines Xu up to biregular isomorphism; if X ≃ Xu , u ∈ U ′ then
there exists a commutative diagram with horizontal isomorphisms
X −→ Xuyπ
y
X/Aut(X)
f
−→ Su
The exceptional curves f∗(Eij) are exactly the branching divisors Dσ of the G-cover π such
that D2σ = −1. By considering the branching divisors Dα such that Dα ·f
∗(Eij) = 1 for some
i, j , and using the fact that n1 < n2 < ... < nk it is easy to recover from the isomorphism class
of Xu the orbit of s(u) under the action of Aut0(Q)×
∏
(Σ3 × Σni).
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This proves the first part of the proposition. The second part follows immediately from the fact
that s(U ′) intersects every connected component of
∏
M03,ni and the fact that if U1, U2 ⊂ U
are connected components then either φ(U1) ∩ φ(U2) = ∅ or φ(U1) = φ(U2).
⊓⊔
Corollary 5.8. In the above situation for suitable values of ai, bi, ni the image φ(U
0) ⊂M is
the union of at least 2k irreducible components.
Proof. Immediate consequence of 5.7 and 2.5.
⊓⊔
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